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PREFACE. 



To a work of this kind very few observations need be 
prefixed by way of Preface ; it may be proper to men- 
tion, however, that it was undertaken to accomplish a 
two-fold purpose. 

The publisher of the Rudimentary Treatises con- 
ceived that a book of Questions and Examples, exhi- 
biting in detail the various artifices and expedients 
which algebraists employ to facilitate their operations, 
more especially in the solution of complicated equa- 
tions of the first and second degree, might form a 
useful companion to existing elementary works on 
Algebra. 

The author concurred in this opinion; and as Mr. 
Haddon*s Algebra is distinguished for the great num- 
ber of unsolved exercises which it contains, — many of 
them of an order of difficulty above the powers of an 
unaided student, — he considered that two desirable 
objects would be attained by the publication of a Key 
and Companion to that work. 

In those places of education where the Algebra is 
used, the Key cannot fail to be very acceptable to the 
teacher ; and, as a copious collection of carefully solved 
examples, it is calculated to furnish, at a very moderate 
price, much necessary aid and instruction to the young 
algebraist, whatever text-book he may apply himself to. 

Mr. Haddon's problems and exercises seem to have 
been selected from a variety of sources ; and it is pro- 
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bable that the solutions to most of them already exist. 
But the author thinks it right to mention that those 
here given are his own, with perhaps two, or at most 
three exceptions. He conceives that some of the ex- 
pedients he has adopted, in unravelling the intricacies 
of certain equations of the second degree, have claim 
to novelty, and, indeed, to a character of generality 
that renders them applicable beyond the limits of the 
particular cases to which they are specially applied. 

The work, though small in size, is the result of a 
good deal of thought and labour ; both of which might, 
no doubt, have been greatly diminished by searching 
for solutions through the various existing treatises on 
Algebra. But to this kind of mechanical drudgery the 
author felt a decided repugnance; and he was more- 
over anxious, if possible, — by resisting all temptation 
to copy from others, — to give to his solutions some 
traits of originality, and so, perchance, to soften the 
asperities of what the learner might regard as some of 
the harsher features of elementary algebra. 



ERRATA. 

Page 4 line 13 for =a read =2* 

„ 5 „ 8 „ a*b „ a*b 

19 „ 23 „ 2x „ 9* 

21 „ 17 „ (a- 2*9 „ (n-2A)». 

27 „ 22 „ (x-y)* „ (x+y)* 

64 „ 17 „ 10 „ 56 



>> 
>> 
>» 
♦ » 

,, VI , . . . . ■ 

N 67 „ 17 m 5* 3 „ 5*_ ( 
70 „ 6 „ x- a „ * a 
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75 „ 7 „ 10 „ 56 
80 Ex. 81, supply the exponent $ 
84 Ex. 90, supply the exponent q 
Q2 line 1 1 for + read — 
95 Ex. 15, „ y-b y=b 
103 Kx. 39, supply J before aa-4A« 

„ 113linel6/or b read b* 
„ 120 „ 3 „ 115 „ 105 
„ 138 „ 12 „ n = l „ n-1 
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KEY AND COMPANION 



TO THE 

RUDIMENTARY ALGEBRA, 

- 



The first rule* in Algebra, called Addition, differs from the 
corresponding rule in Arithmetic chiefly in this : that whereas, 
in the latter science all the quantities concerned are really 
added together, in the former science some of them are 
frequently to be subtracted. Those quantities, among the 
entire set that are to be subtracted, are always preceded bv 
the subtractive sign minus ; that is to say, by the mark — . 

Addition of Algebra, therefore, means the finding the 
balance of a set of quantities, when some of them are additive 
and others subtractive. 

Different letters in Algebra stand, of course, for different 
things, and hence the distinction between like and unlike 
quantities (Algebra, p. 3). But the learner is not to under- 
stand that the unlike quantities, connected together by the 
signs plus and minus, in any of the following examples, stand 
for things altogether different in kind ; to admit of being added 
or subtracted, whether in arithmetic or algebra, the things 
represented by the figures or letters must necessarily be of 
the same kind ; the different letters merely imply difference 
of value, not any difference in the nature of the things them- 
selves ; in general, the things are simply abstract numbers. 

For instance, the expression 3a + 26, in example 1 in the 
book, means 3 times the quantity represented by a (whatever 

B 
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2 ADDITION. 

it be) increased by twice the quantity of the same kind, but 
of different value, represented by b. We cannot actually add 
the 3a to the 2b> till the numerical values of a and b are 
interpreted. Previously to this, the addition can only be 
indicated by connecting the quantities by the plus sign, as 
above ; but when the letters are the same, we can execute the 
addition implied in the sign : for we know that 3a + 2a must 
be 5a, whatever a may stand for. 

It is thus that, in the following examples, the like quantities 
can always be actually added or incorporated, or the balance of 
the additive and subtractive like quantities expressed by a 
single term ; while the addition or subtraction of quantities 
which have no like, can be indicated only by the plus or 
minus sign. 

Addition (Page 5). * 

Arranging the quantities to be added, like under like, the 
examples in the book will stand as follows : — 

(Ex. 4.) 2a + 26 (5.) 2x-4y 

a + 36 — 3x + y 

5a-f- b 6x — 5y 

8a+ b — x + 2y 

16a + 76 4x-6y 

(6.) 2x 2 + .ry-2y 2 (7.) ax* + for 2 - cx 

— 4x 2 + 3xy— y 2 2ax 3 -5bx 2 + 4cx 

— x* — 6xy + 5y* —ax z + 2bx 2 -8cx 
4x 2 — xy + 3y 2 



ar — 3xy + 5y 2 



2ax 3 —2bx 2 —5cx 



(8.) a + 6 jr + jy y 2 —xz 

a — 6 «*y+y 2 xz—z 1 



2a x 2 -\-2xy-\-y 2 y 3 — z 2 



Note. — In adding a set of quantities together, it is plain 
that the order in which they are written down for this purpose 
is of no moment, except in so far as convenience may be served. 
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In some of the preceding examples, the order in which the 
individual terms of an expression succeed one another has been 
changed, for the convenience of arranging like quantities in 
the same vertical column. 

It may be mentioned here, that any algebraical quantity 
is called an expression, and the individual parts into which it 
is separated by the signs -f > — > are called the terms of that 
expression: thus, 2a is an expression of one term, 2a 4- 36 is 
an expression of two terms, 2x + xy— 2y~, an expression of 
three terms, &c. 

Subtraction (Page 6). 

In subtraction, we have only to imagine the signs of all 
the quantities to be subtracted to be changed, and then to 
proceed as in addition. The learner must be careful to regard 
all the signs in the row of terms to be subtracted as thus 
changed, and if any term in this row have no like in the row 
above, to bring it down in tHe remainder with changed sign. 



(4.) 5a-66— 3c 
2a + 3b — 7c 



Remainder 3a — 9b -f 4c 



5a— 6b -3c 
— 2a— 2b+7c 



3a-96 + 4c 



Or by actually changing the signs in the lower row of terms, 
and adding, the work will stand as on the right. 

In the first of these forms, the signs of the lower row ot 
terms are conceived to be changed ; in the second, the change 
is actually made. This change of signs converts the subtrac- 
tion into addition. 

(5.) x~ — ry a + b 

xy—y- a — b 

_________ ______ 

Rem. x 2 -2xy+y* Rem. 2b 



(6.) 5« 2 + n-3 (7.) ay*-1a*y-a-c 

4n 2 -3n— 2 z ay 2_2a l y + a-b 



Rem. n 2 + 4w— 1 Rem.-2ay 2 -5a 2 y-2a-f b-c 



b 2 
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MULTIPLICATION, 



(8.) a 3 — a*b + 2ab*-c 
2arb-ab- 



Rem. a 3 --3a 2 & + 3a& 2 — c. 



By adding the remainder to the row of terms immediately 
above it, the result will be the top row, whenever the opera- 
tion is correct. 

Note. — From example 8 in Addition, and example 5 in 
Subtraction, we see that if the difference of two quantities be 
added to the sum, the result will be twice the greater of those 
quantities ; and that if the difference be subtracted instead of 
added, the result will be twice the less: for those examples 
show that 

(a + &) + («-fl) = ff, and that (a + fl) — (a-&) = 2£, 

whatever numbers, or quantities # of the same kind, a and 1 
may stand for. Suppose, for instance, that a stood for 13, 
and b for 5 : then the sum would be 1 8, and the difference 8 ; 
and 184-8=26— that is, twice 13, the greater; also 13—8 
= 10 — that is, twice 5, the less. The learner will find it 
useful to keep this general principle in remembrance. 

Multiplication (Page 9). 

(3). 6ax4 = 24a; 3ax5b=15ab; x 4 Xr=x 4+2 =J C . 

(4.) (2x-4y + r)x 3*=6.r 2 - \2xy + 3xz; 
( a 2 _|_ 2 ab— b~) X a 3 & 2 =<r^ 2 + 2« 4 6 3 -<rW. 

Note. — When, as in this last example, one of the factors 
is a compound expression — that is, an expression made up 
of two or more simple terms — it is necessary to inclose the 
terms of the compound factor in a vinculum, or to bind them 
together in one whole, as above, in order to indicate that that 
whole is to be multiplied. If we had written the first of the 
examples marked (4) thus: 2x - 4y + z X 3x, without any tie 
connecting the terms 2x— 4y+z into one whole, we should 
have indicated that the z only is to be multiplied by 3x, and 
not the other terms 2x— Ay ; but by means of the vinculum, 
( ), or [ ], or { }, &c, we imply that all the terms are 
to be equally multiplied by 3x. 
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MULTIPLICATION. 5 

(5.) .r 3 — x 2 y-f.ry 2 — y 3 

x+y 

x 4 — jfiy -f x 2 y 2 — xy 3 

x*y — x-y 2 + xy 3 — y 4 



* 4 -y 4 



a 2 + b 2 -f c 2 + ab — ac + 6c 
a — b + c 



a 8 + afc 3 + act 2 + a 8 6 — a 2 c + 
_ 0 2 a - 63 - be 2 - ab 2 + a£c - 6*c 

a 2 c + A2 c + c 3 + a A c - crc 2 + 6c 2 



a 3 _A3 +c 3_|_3 fl A c 



Consequently, (x 3 — x 2 y H-a?y 2 — y 3 ) (x-fy)=x* — y 4 , and 
(a 2 + b 2 + c? + ab-ac + bc) (a-b + c) =a 3 -& 3 + c 3 + 3a*c\ 
(6.) 5x 3 + 4x 2 + 3x + 2 



25*«+2(Xr 5 +15x 4 +10,r 3 

-20jr 5 -16x 4 -I2^^Sa: 2 



25,r 6 - x 4 - 2x*— 8x 2 . 



(7.) a-f 6 a— 6 a + A 

+ 6 a— 6 a— b 

a 2 + a# a 3 — a A a 2 + c A 

ab + b* -ab + b 2 -ab-b 2 

« 2 + 2a& + & 3 a 3 -2a* + 6 3 a 2 -tf* 



Note. — As recommended in the book, the products in 
example 7 should be kept in the memory. The learner should 
be able to write down the results of such expressions as (x + y) 2 , 

(^—y) 2 * *y) at once > without any work: thus, 

from the preceding model, 
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DIVISION 



(* + y) 8 =** + 2*y + y 3 , (.r-y) 2 =.r 2 -2,ry +y 2 , (*+y) (x-y) 
where # and y merely take the places of a and 5 above. 

Division (Page 11). 

(9.) 4x + 20)8^4-16^ +6a 2 (2r+ 3a 
8x 2 + 4ax 

1 2ar + 6a 2 
12ar+6a 2 



+ 2xy + y 2 j * 4 + jfy + xf + y 4 (.r 2 - xy + y 2 

X*+2x*y + xy 



— .rty — 2 j£y 2 — xy s 

x*y 2 + 2.ry 3 +y 4 
^y 2 + 2jy 3 +y 4 



Note. — Whenever dividend and divisor have a factor in 
common, we may always suppress the common factor before 
commencing the operation ; because the quotient must be the 
same, whether we divide one quantity by another, or half, a 
third, a fourth, &c, of the former, by half, a third, a fourth, 
&c, of the latter. In the first of the above examples, 2 is 
a factor common to all the terms of dividend and divisor, so 
that this factor may be suppressed, and thus the half only 
of each taken as follows : — 

(9.) 2* + a) 4^ + 80* + 3a 2 (2*+ 3a 
4x* + 2ax 



6ax + 3a 2 
6ax + 3a 2 



(10.) 4i 2 y 1 3xy-l)8^y + 2^y-2^ 2 -3x 2 y-ha?(2x 2 -a: 

8x*y+6x*y — 2x* 



— 4 x*y — 3a^y + z 
— 4x^ — 3.2^ -{-# 
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(11.) x-y)x*-y* (*» + i?y +xi?+f 
x* — x?y 



x*y-y* 
x 3 y—x-y 



*Y-y A 

x*y—xy 3 



xyS—y 4 
.ry 3 — y 4 . 



Note. — This last operation may be conducted differently 
by aid of the theorem 3 at page 9 (Algebra), and the import- 
ance of which has been mentioned above. For by that 
theorem, x* - y 4 = (a* + y 2 ) (.r 3 - y 3 ) = (x 2 + y 2 ) (x + y ) (x -y ) 

x —y 

(11.) 6^-7) \8x*-Z3x 2 + 44x-Z5(3x 2 - ( 2x + 5 
\$x*-2\x* 



-12^-f 44* 
-12x 2 +14^ 



3(Xr — 35 
30a: -35 



1 + x) 1 - * ( 1 - 2x + 2x* - 2x* + & c . 
1+* 



2* 2 

2** + S* 3 



-2.T 8 

-2^-2x 4 



2x\ &c. 
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DIVISION. 



Note.— It is plain, that in the second of these examples 
the quotient would never terminate; and we clearly see, 
without carrying on the division any further, that the terms 
of the quotient would follow one another, to any extent, accord- 
ing to this law ; namely, 

j^|=l-2^ + 2 t r 2 -2j 3 + 2x 4 -2^ + 2a: 6 -2^-f-, &c. 

As in arithmetic, so in algebra; at whatever remainder we 
stop the operation of division, that remainder, with the divisor 
written underneath, must be appended to the quotient in order 
to render that quotient complete. In the above example, the 
complete quotient may be written in any of the following 
forms: namely, 

1— x 2x 2x 2 

t~7~= 1 — T~T~lt or=l — 2x+t—, or=l — 2x+2x*— 
1 +x 1 +x 1 H-j 

2x* 

r+? &c *> &c - 

(12.) The first three examples here are very easily worked 
by aid of the theorems at page 9 (Algebra) already referred 
to. The numerator of the first fraction is the square of the 
denominator (Theorem 1); in other words, the dividend is 
the square of the divisor. It is the same with the second 
fraction; and (by theorem 3) the numerator of the third 
fraction is (2a 4 +1) (2a 4 — 1). Hence, the three expressions 
are, 

(a 2 + 6 2 )(«~ + & 2 ) (j»-y»)(j»-y ») (2a 4 -f l )(2a 4 -l) 
a* + 6 2 ' ^-y 3 ' '2a 4 +1 ; 

consequently, the results are a? + b 2 f x 8 — -y 3 , and 2a 4 — 1. 

To find the result in the fourth example, we have only to 
subtract the exponent m— 2 from the several exponents of a 
in the numerator or dividend, and to subtract the exponent n 
from the several exponents of b, leaving the dividend in other 
respects untouched : the result is, therefore, 

In the first term of this, the exponent 2 is put over a, and the 
exponent n + 2 over b, because tn— (m— 2) =2, and 2/1 + 2 
-7i=« + 2; i n the second term, the exponent 3 is put over 
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a, and the exponent rc + 1 over b, because »+ 1 — (wi — 2) =3, 
and 2n + 1 -?t=n + 1 ; and lastly, in the third terra, the 
exponent 4 is put over a, and the exponent n over b, because 
m + 2 — (m—2) =4, and 2n — n=n. The learner must always 
keep in mind, that when a quantity with an exponent over 
it is to be multiplied by the same quantity with an exponent 
over it, the product is expressed by simply writing down that 
quantity with the sum of the exponents over it ; and that when 
a quantity with an exponent over it is to be divided by the 
same quantity with an exponent over it, the quotient is ex- 
pressed by simply writing down the quantity with the difference 
of the exponents over it — this difference arising from sub- 
tracting the exponent in the divisor from that in the dividend, 
as in the example above. 

Miscellaneous Examples (Page 12). 

(1.) Putting the proposed numbers, instead of the letters 
which stand for them, we have 

4 2 + 12- 18=16+12-18=10. 

, 0 . 8+18 6 26 6 

/Q . 4(6-3) 6 

(30 3 +433=4 + 6=10. 



(2.) 5a*b-2ab~-3aW 
-7a' 2 b + oab + 2a 2 6 2 
- a*b+ ab* 

-3a 2 £— a£ 2 -a 2 6 2 + 5a£ 



(3.) 5^- or 2 - 2x +1 
2r J -3.r 2 + 8* -5 



3** + 2*3-10* +6 



(4.) 4aV- 7a*x -3a 
2ajr>- a 2 



8 a V-14aV-6flV 

-4aW + 7a 4 x + 30 3 



8a V> - 1 4aV— 6a 2 * 3 — 4oV + 7a 4 * + 3a 3 



b 5 
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10 MISCELLANEOUS EXAMPLES. 

a 2 + ab + b 2 
a - b 



cP + a*b + ab 2 



(5.) * 2 + *y+y 2 )^+ay+y 4 (*2-.^+y2 

— jfy-fy 4 

— ofiy — a^y 2 — jry 3 

x 2 y 2 +J^ 3 +■ y 4 

*y+ay 8 +y 4 



^+y)^+y 3 (* 2 -*y+y 2 * 



—ary—xy- 



jy2 + y 3 



(6.) a\/«r — 6\/.r 

— 7a ^# + 20^ 
Za%/x+4b*/x 



2ay*+8b<s/x 



* The learner will notice from this result, that the sum of two cubes 
is divisible by the sum of the quantities cubed ; the form of the quotient, 
too— namely, the sum of the squares of those quantities, minus their pro^ 
duct — should be kept in remembrance. 

If in the above example y be made negative, then we shall have 
a? — y 3 

x _ y ^aP + xy + y 2 , which should also be recollected. These two 

theorems, like those at p. 9 of the Algebra, will frequently be referred to 
in the article on Fractions. 
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(6.) (3« — x) x or Zax — x* 
( a + 2x)x ax + 2x 2 



(2a — 3x) x 2ax—Sx 2 =(2a—Sx) x. 

(7.) The theorems at page 9 (Algebra) readily enable us to 
effect the separation here required : thus, 

a 2 -x 2 =(a + x)(a-x) ; ar + 2ax+ ar=(a + *) a + x) ; 

**-l=(*»+l) (^-1) = (^+1)(^+1)(^-1); 4a 4 -96-'= 
(2a 2 + 34) (2a 3 -36); 

«3 _ 4te + 46 3 = (*- 26) (or - 2b) ; a 2 ™ - P» = (a m + 6") (a m - b*) . 

(8.) aar-6)a^-(a 2 4-6)^ + J 2 (^-fla:-6; 
ax 3 —bx 2 



-a 3 * 3 * a 2 



— abx + b 2 
— abx-\-b Q t 



px 2 -\-qx—r 
mx—n. 



pmx* + qmx 2 — mrx 
—pnaP—qnx + nr 

pmx 3 + (qm — pn)x* — (mr -f qn)x + wr . 



(9.) aaa; ro(»-l; a(6 2 - l)=a(6 + 1) (b- 1) ; 

(10.) m 3 n + m» 2 ; aPy—xy 2 ; p 2 — r 2 ; — rx—avx; 
— {jt 2 + x— l}y= - x*y + xy —y=xy - x 2 y —y . 

Simple Equations (Page 13). 

(1.) * + 3 = 18— 4*. 
Transposing the — 4a? to the left, and the +3 to the right, 
we have 

* + 4,r=:18-3; 

that is, 5x=15 

.\ dividing by 5, x=3. 
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12 SIMPLE EQUATIONS. 

(2.) .r + 3a=18a— Ax. 

Transposing the — Ax to the left, and the +3a to the right, 
we have 

x-f Ax=\8a— 3a; 

that is, 5*= 15a 

.\ dividing by 5, x=3a. 

(3.) Ax— 2a=:3x + 2b. 

Transposing the 3x to the left, and the — 2a to the right, 
we have 

Ax— 3*=2a-f 2b; 

that is, x=2(a + b. 

(A.) 7 + 6\r-4=12 + 3.r. 

Transposing the + 3a? to the left, and the known numbers to 
the right, we have 

6x-3x=l2 + A-7 ; 

that is, 3*= 9 

dividing by 3, x=3. 

(5.) 4(tf-2) = 10,r-38. 

Removing the vinculum, 

Ax— 8=10*— 38. 

Transposing the Ax to the right, and the —38 to the left, 
we have 

38— 8=10*— Ax ; 

that is, 30=6* 

.\ dividing by 6, 5=x. 

Note. — It is usual to bring the unknown terms to the left, 
and the known to the right ; but when such an arrangement 
would render the unknown side minus, as here, it is better to 
depart from it. 

(6.) ax + c=a—bx. 
Transposing, ax + bx=a—c, 
or (a + b)x=a—c 
.*. dividing by a + b 

a—c 
XZ=Z aTb' 
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(7.) T5-8=-6. 

Multiplying by 12, y— 96= — 72. 
Transposing, y=96— 72=24. 

(8.) 5az-l=Za(z + b). 
Removing the vinculum, 5az— l = 3az + 3ab. 
Transposing, 5az — 3az=3ab + 1 ; that is, 2az=3ab+l 

3a6-f 1 

.'. dividing by 2a, z= — ^ — • 

Problems, 

(3.) Suppose a has x pounds; then, by the question b 
must have 2x pounds, and c, x + 2x or 3a: pounds ; and these 
three shares mak% up the whole ^£600 : hence we have the 
following equation — namely, 

* + 2.r + 3a:=600; 

that is, 6*= 600 .\x=£l00 t a's share, 

.-. 2o?=^200, b's share, and 3j?=^300, c's share. 

(4.) Let x represent the less of the two numbers, then the 
greater must be x + 7; and the question, moreover, informs 
us that 

3(,r + 7)-6\r=6. 
Removing the vinculum, 3x + 21 — 8,r=6. 
Transposing, 21 — 6 = 8x — 2x 
.*. 15=5.r .'. 3=x: 
Hence the two numbers are 3 and 10. 

(5.) Let x represent the son's share; then ox must repre- 
sent the father's share ; so that by the question we must have 

5,r + .r=96; that is, 6x= 96 .\ j?=1 6 .\ 5x= 80 
Hence the son's share was 16*., and the father's 80s. or £4. 

(6.) Suppose the investment was x pounds : then, after the 
gain and loss, a has x + £Z00> and b, x—£450; and the 
question tells us that the former sum is six times the latter ; 
therefore, 

x -h 300= 6x — 2700. Transposing, 2700 + 300=5^, 
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that is, 3000=5*; 

therefore, dividing by 5, 600= x, so that the investment 
was ^£600. 

(7.) Let x feet be the length of the less part ; then by the 
question bx is the length of the greater part ; and since the 
sum of the parts is a, we have the equation, 

a 

x + bx=a; that is, (1 + b)x=a.\x= Y+b' 

ab a ab 

,\ bx= Y+~b 1 consequently, the parts are feet and y-^ 

feet. 

If the whole length a be 20, and the greater part be 4 times 
the less, then since a =20 and 6=4, we have 

a 20 B ab 80 1<s 

— = y =4, and 1^=5 

Fractions (Page 16). 

x x 

(2.) £ X 24=8* ; for this is the same as ^ X 3 X 8=* x 8. 

3x 3* 

-^-X24 = 18.r; X 4 X 6=3* x 6. 

5x ox 
--g-X 24=-20*; — X 6 X 4= — 5x X 4. 

3a: 3* 

-g-x24 =9*; -g-x8x3 = 3a-x3. 

7* 7x 
— j2 X24= — 14*;: ~12 X 12x2 =-^ x2 ' 



Sum of results = x. 

(3.) The denominators are all factors of the multiplier 20, 
hence we have only fo expunge each denominator, and to 
multiply the numerator by the remaining factor of 20, after 
having expunged that factor which is equal to the denomi- 
nator : we thus get 

30y — 8y — 5y+14y — 25y = 6y. 
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GREATEST COM. MEASURE — LEAST COM. MULTIPLE. 15 
# 

/4 7 3 9 3\ 

< 4 -) (;-2i+rx-r,+2>-= 32 r 28+3 -- 18+12 ^ 

12ar— 11. 

+ 30.r 2 + 50*- 20. 

Greatest Common Measure and Least Common 

Multiple (Page 21). 

(i.) * 2 + .r-2).r 2 -f-2,r-3(l 

x 2 + x-2 

g. c. m.=x — 1) j^ + x— 2 (.r + 2 

x 2 —x 

2x— 2 
2x— 2 

or thus : x 2 + x — 2=(x 2 — 1) -|- (x — 1) 

=C*-i)(#+l)+*~l 

x 2 + 2x-$=(x*-\) + 2(^-1) 

= (* -l)(*+l) + 2(x-l) 

• *. G . C. M . — X~~~ 1 • 

(2.) 6« 2 + 7a,r-3x 2 )6a 2 + llfla: + 3x 2 (l 

6a 2 + 7fl*-3* 2 



4ax+6x*; 

or g . c . m . = 2a + 3*) 6a 2 -f 7ff,r — 3.r 2 (3a — .r 

6a 2 + 9a,r 



-2ax-3x* 
-2ar— 3^ 2 . 



(3.) In order to remove common factors, we shall first 
divide each of the given expressions by b, remembering, how- 
ever, that the b thus removed, being a common measure of 
both, must necessarily enter into the greatest common mea- 
sure. The two expressions will then be Sa 2 b — 10a£ 2 + 26 3 , 
and 9a 4 — 9a?b + 3a 2 b 2 — 3ab s . We shall next divide each term 
of the first of these expressions by 26, and each term of the 
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16 GREATEST COMMON MEASURE AND 

second by 3a ; for in so doing, we shall not interfere with any 
common measure the two expressions may have, seeing that 
neither 3 nor a is a factor of the first expression, nor 2 nor b 
of the second: we shall then have to deal with 4a 2 — bab + b' 2 , 
and 3a 3 — BM + ab % — b 3 . Lastly, we shall reverse the 'two 
expressions to avoid fractions in the quotient ; the work will 
then stand as follows : — 

b 2 -5ab + 4a 2 ) - £ 3 + ab 2 — Za 2 b + Za\-b-4a 
-#* + 5a& 2 -4a 2 0 



— 4ab 2 + Q 2 b -f- 3a 3 
-4a6 2 + 20a 2 o— IGa 3 



— 19a 2 o-{- 19a 3 ; 
or -& + a)£ 2 -5a6-f-4a 2 (-& + 4a 
b~ — ab 



— 4«6 + 4a 2 
— 4ab + 4ar. 



The greatest common measure here is — b + a ; but as the 
common factor, b, was suppressed at the outse^ we have for 
the greatest common measure of the proposed expression, 
g. c. m. = — b* + ab, or ab—b 2 . 

(4.) x 3 -2^-l> 8 + 2^+2x-hl(l 



2j 2 -f-4x + 2; • 

or ir + 2x + l)^ 8 -2j?-l(a:-2 
a* + 2x 2 + x 



-2x2-3x-l 
-2^—4^-2 



o.c.m.= o:+l)x 2 + 2x+l(^+l. (Theorem 1, 
p. 9, Algebra.) 

(3.) To avoid fractions, multiply the first expression by 3, 
and the second by 2 ; the work will then stand as follows : — 

6.^-3.^- lfy 2 ^* 2 — lGxy+ 8y 2 (l 

6x 2 - 3ay-18y 2 



-13jry-r-26y 2 ; 
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LEAST COMMON MULTIPLE. 17 

or g. c. m.=x— 2y)2ar 3 — xy— 6y 2 (2a?-f 3y 

2* 2 -4*y 

2>xy — 6y 2 
3ay— 6y 2 

(6.) Instead of proceeding by actual division, we may find 
the common measure more readily as follows : — 

2^3-2x-3^ 2 + 3=2^(,r 2 -l)-3(x 2 -l) = (2x-3)(x 2 -l) 
3 x 4 - 3 + 2^ - 2x - 2x* + 2 = 3 (* 4 - 1 ) + 2x (x 2 - 1 ) - 2 (x> - 1 ) . 

The expressions on the right are the same virtually as those 
in the book ; and it is plain that the g. c. m. of these is a? 3 — 1. 

y j x 2 + 2ax + a 2 (x + a)(x + a) r-fa 
or 2 — a 2 ~ (x + a)(x--a)~~~x--a , 

ar*— 2ary+y 2 (a?— y)(a?— y) a:— y 
ar 2 — y 2 ~~ (x + y) (a: — y) ~~a? + y # 

(8.) See foot-note, p. 10. 

jrM-tf* (a4-b) (a*-ab + b*) a 2 -g6 + 6 2 
(a + 6) 2 ~ (a + *)(a + 6) a+6 ; 

(fl + 5)3 ( fl + d)(a + 5) 8 (a + 6) 2 
a 2 -6 2 ~ (a + 6)(a-6)~" a-6 ' 
ar+a?-2 _ g 2 -l+ar— 1 (ar-f !)(*- 1) + a :— 1 
( 9 -) 2a.-— 3ar-hi""2a; 2 -2-3a: + 3~2(a7H-l)(a:--l)-3(.r-l) 

_ _£±i_"t_L X+2 
~"2(ar+l)-3~"2a:-l 

aJ 3m_j_ a? 2m__2 a? 371 *— 1 -fa? 2m — 1 * 

ar 2w +a? m -^2 = x 2m —l+x m -l = 

(x m —\)(x 2m + x m +l) + (x m —])(x m + l)__ 

(a; w -l)(ar m +l)+a? ,M — 1 

x* m +x m +\+x m + 1 a 2m 4- 2a? w -f 2 
>+l + l ~ ^ + 2 ; 

or, by finding the common measure of numerator and deno- 
minator in the ordinary way, we have 

* See the foot-note at page 10. 
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18 GREATEST COMMON MEASURE AND 

a 2mj rX m_ 2 )2? m + X* m - 2(x m 

• x Sm +x 2m — 2x m 



2x m — 2; 

or o.c.M.=x w —l)x 2m -^x m ~2(x m + 2 

~3.m ~>m 



2x m ~2 
2x m — 2 



x m - \)x* m +a* m -2(x* m + 2x m + 2 

37" — a? 



2ar w -2 
2x 2m — 2a? m 



2x m -2 
2x m -2 



The common measure being thus found, the proposed fraction 
becomes reduced to the simpler form arrived at above. 

(10.) The numerator of the first of these fractions may be 
written thus : 

x(x 2 — y 2 ) — yix 2 — y 2 ), or (#— yX* 2 — y 2 ) ; hence the fraction is 

(g— y)(a? 2 — y 2 ) x—y 
(^+y 2 )(^-y 2 )~o ? 2 +y 2 - 

The factor x, common to all the terms of the denominator of 
the second fraction, but not common to those of the nume- 
rator, may be suppressed, since no common measure of the two 
expressions will be interfered with by so doing: we shall 
therefore have to find the greatest common measure of 

3*3 — 22*-15 and 5^— 17# 3 +18. 

If we proceed by the ordinary method (as at p. 21, Algebra), 
the work will become tedious: we may dispense with it as 
follows : — 

The leading term of the common divisor of these expres- 
sions, if they have a common divisor, cannot have a coefficient 
other than unity, because 3 and 5 have no common divisor. 

The leading term of such divisor must, therefore, be simply 
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LEAST COMMON MULTIPLE. 



19 



x ; it cannot be ar, because, on account of the simple power 
of x (or the term 22x) entering the first expression, that 
expression cannot be divided by any other in which the x, 
simply, is absent, as is obvious. 

The final term of the divisor must, of course, divide both 
15 and 18, and therefore can be no other than 3 : hence, if 
the expressions have a common divisor, that divisor must be 
either x—3 or a? + 3. Upon trial, the former is found to 
succeed, and the latter to fail: hence the greatest common 
measure is a?— 3 : thus 

x-3)3x*-22x-~\5(Sar + 9x + 5 
3ar>- 9x* 



9x--22x 
9x 2 —27x 



5x-\5 
5x-\o 



x - 3)5a? 4 - 1 7*3 + 1 8x(5x* - 2x°~ - Sx 
5a: 4 -15a? 3 



-2a?3+18a: 
-2**+ 6a? 2 



- 6*2+ 18a: 

— 6a? 2 -f 1 8a: 



3a? 2 + 2a: + 5 

Consequently, the fraction in its lowest terms is 5 a? 3__2a? 2 — 6v 

Note. — The operation for the common measure, which is 
sometimes long and troublesome, may frequently be dispensed 
with by the help of considerations such as those here pointed 
out: for instance, in example 1 (p. 21, Algebra), it is plain 
that the leading term of the divisor common to both expres- 
sions must be a? ; and since 2 and 3 have no common divisor 
besides unit, it follows that the greatest common measure, if 
such exist, must be either a? — 1 or x+ 1 . For similar reasons, 
the G. c. M. in example 4 must be either a: - 1 or a:-f 1, and 
the same in the first example of 9. 
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20 ADDITION OF FRACTIONS. 

Addition of Fractions (Page 26). 

(1.) The least common multiple of the denominators is 
evidently 12 ; so that multiplying the terms of the first frac- 
tion by 6, those of the second by 4, and those of the third 
by 3, the fractions become changed into 

6x Sx 9x 2Sx l\x 
12 + 12 + 12 = T2 ~ X + 72 * 

(2.) The l. c. m. of the denominators is 20, so that the 
terms of the first two fractions are to be multiplied by 2, 
5 and those of the third to remain untouched : we thus have 

4a? 15 j? 7x 26x ISx 

To + To + Io = To = T" 

x a x(a—x)+a(a+x) a 2 4-2a.r— x 2 
a + x^~a—x~~ (a+x)(a—x) ~~ o 2 — x 2 

3a 2 2« 3b 3a 2 X 35a + 2a X \4ab + U X 1 Ob 
(3,) 26 + 5 + 7a~ 70ab " 

105a 8 -f 28a 2 6 + 306 2 



10ab 



x x x(x— 3) + + 3) 2.r 2 



*+ 3 + x-3~~ (#4-3)(x-3) ~V-9' 
m « + & a-b (a + b)' 2 + (a-b) 2 2(g~ + b' 2 ) 

2x 1 2x 1— x 1+x 1 



1 -x 2 + 1 +a ~ 1 -x 2 + 1 -j 2 "" 1 -a: 2 ~ 1 
f5 x fl 2 4-fl&4 -& 2 & 2 (a - b) (a 2 + + b~) + b - (a + & ) 

a : * - f fl 2 6 -f fl& 2 - » 2 6 - b°~(a + 6) 4- 6 2 (a 4- 6) fl(a 2 4- & 2 ) 
~~ a 2 -6 2 ~ a 2 -6 2 ' 

Or, remembering that (a 2 + ab + b 2 )(a— b) = cP— 6 3 (see foot- 

. ^-tf + ntf + P a(a 2 4-£ 2 ) 
note, p. 10), we have - 3 — p =— g— ^r-. 
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SUBTRACTION OF FRACTIONS. 21 

T-l _1 Qr-I) 2 + jr 2 -f-j+l 2^-^4 -2 

xHmVr ^—i ~ • 

(6\ x , y . 1 x+y(x -y)+x+y 

2,r + xy— y 2 +y t 
xr—y 2 

a J_ a a *+ fl _ a a+\—a 

1 - fl + i + a + r+i + t+j- 13^ + 1 = ~T^T = 

■ 

1 

1-a' 

Subtraction of Fractions (Page 27;. 

/, v 5a a 15a— 2a_13 3(.r- f y) y 
~2~~3 = 6 = "6 a ; 4 ~ T ~ 

6(j+y)~ x+y 5x+7y 
8 8 * 

(9) 5y + 2 _2y+l 3(5y 4-2)-7(2y-f 1) y-I 
7 3 ~~ 21 ~ 21 ; 

5j-3 3,r + 2 (g-l)(5j-3)-(j + l)(3jT-2) 
.r+1 ~ .r-1 ~" ^-1 ~" 

5 <r g_8,r + 3-3.r 2 -5 t r -2 _ 2J 5 — 13j+ 1 

' } fl~26~a + 26~ a 2 -4& 2 ~"V-46*" 

Note.— -It is well for the learner to remember, that tlu 
square of the sum diminished by the square of the difference 
of two quantities, is always equal to four times the product of 
those quantities. Thus (x+y) 2 — (x — y) 2 =4#y, (ff + 26) 2 — 
(a — 2?j ) = 8ab, Sec. The results in such cases should always, 
therefore, be written down at once, without any actual work. 

N 1 1 y + z— 1 2^-2^+1 x 
— • 



y-z if-z>- y* + z* ' x 2 -x 
2i-"-2.r+ l-.r 2 j 2 -2j+1 Q-l) 2 x-\ 1 
x~ — x ~~ x(x—l) ~~x(x — 1) ~~~ x " x' 
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22 MULTIPLICATION OF FRACTIONS. 

**— *+l 2 Or+l)(* 2 -,r+l) -2(,r-l) 



(5.) 



or — 1 .r+1 a: 2 — 1 

j: 3 +l--2^ + 2 ;r 3 -2.r+ 3 

or — 1 

a « 2 _1 a (l_ Q )_a 2 +(l-«) 2 



(l-a) 2 (l-a)» T 1-a" (l-«) a ~ 

a— cr — a' 2 4- 1 — 2a + a 2 1 — a — a 2 

(i-«) 3 ~~o-«) 3 " 

zr > x ' 2 +y* i J _y g 2 +y 2 +*(*-y)-y(.r+y) 

v j 1- — y x+y x—y x~ — y 

;i 2 -ry 2 + x 2 —xy — xy—y 2 2x 2 —2xy 2x(x—y) 2x 
x 2 —y 2 x 2 — y 2 ~~(x+y)(x + y)~x + y 

Also, - = - _ 

(x-yy a?-y 2 (*-y)(x-y) (x-y)(x+y) 

x+y — (*—y) 2y 

~~ (* + y ) (#— y ) 2 ~~ (* + y ) {x—y) 2 ' 
i J 3m + 2 " ^~2^ 1 __ i f (3m + 2 a) 2 -(3m-2/Q 2 1 
(7 ^L3m— 2»""3m + 2nJ ~ 2 I 9m 2 -4« 2 J 

= i Q-Trri= Q 2 - ( See Note above )- 

(so ^-;=+i-;?zT+y+r This ma >' be written 

j3n I x 2n \ ■ 

, the first and third, as also the second and 

x w -l x n + \ 

fourth fractions, being united in one. The numerator of the 
first of these is the difference of the cubes of x n and 1 : hence 
(foot-note, p. ) it is actually divisible by the denominator, 
the quotient being x 2n +x n +\. Also, the numerator of the 
second fraction, being the diiference of the squares of x* and I , 
is divisible by the denominator: the quotient is xP— I. Hence 
the sum of the fractions is x 2n -\-x n i- 1 — (x n — \)=x 2 * + 2. 

Multiplication of Fractions (Page 28). 

3a a 3a 2 2x xy 2 x xy 2 x 2 y 2 
(3 ) 5 X 4=2o'» T X T = 3 X ~3~ = ~ir' 

Note. — Factors which enter alike into numerators and 
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MULTIPLICATION OF FRACTIONS. 23 

denominators may be suppressed, as in common arithmetic, 
as it is useless to multiply and divide by the same thing : 
the operations mutually destroy one another, and therefore 

2x 

should both be omitted. The example here worked is x 

Q 

2^~$ > ant * tne factor 2, being common to a numerator and a 

denominator — that is, occurring both as a multiplier and 
divisor — is wholly expunged or neglected, and the example 

x xxp 1 

treated as simply ^ x The learner should always take 

advantage of these means of simplification, so as to avoid all 
unnecessary work. The next example may be simplified in 
like manner. 

_2x_ (x—y)(x-y) x(x+y) x* + xy 
W x-y X 2x4 4 ~ 4 ; 

(x+\)(x-\) 3 x2a 

3 -xt+T^ 2 ^- 1 )- 

/0 x (a + b)(a -b) 1 a 3(5z-10) 3z* 9z 
(3,) a X a + b*a-b- 1 '* 2z~ X 5z-10-"2' 

Note. — In the first of these examples, the two factors 
(a + b)(a — b) in the numerator are rendered of no effect by 
the equal factors in the following denominators ; in like 
manner, the denominator a is neutralised by the last nume- 
rator. .It will, of course, be observed, that when any factor 
is thus expunged, it is not replaced by 0, but by 1 . In the 
present case, after suppressing the common factors, each re- 
maining factor is merely 1, and the product of the fractions is 

therefore y, or 1. 

Q-l) 2 Q + l)y 2 x — 1 x+\ x*-l 
(4) f X *-l - y X I - y 

( m +~-l ^ m + -i + l )• Tn i s * s tne sum °* two 

quantities — namely/ m +"^"/ an< * multiplied by their dif- 
ference : we know, therefore, that the product is the difference 
of the squares of those quantities (Algebra, p. 9) : hence the 
product is 
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24 DIVISION OF FRACTIONS. 

(m + l)-l= TO H2+i-l=m* + l+^. 
(5.) ^ x ""^r}^ + ^)« This is evidently the same as 

**-y* 

xry 

4x*—l 3x*+y (2x* + \)(2x 2 — 1) 3.T 3 + y _ -J* 2 + 1 
9**-y 2 ' 20T 2 — l""(3^+y)(3x i -50'' 2?~l = 3?~y 

c+J a 4 — (a 4 — J 4 ) er-M__ J- 4 or 2 

Division of Fractio?i8 (Page 29). 

5m 2 3n 5m~ Sn __3m 2 3* * — 1 3 
"V X 10"" V X 5X2~~2~ ; 2(x-l) X ~27 = 4' 

2(2a+l) J5« 10a (*+y)(*+y) (*-y)(*- y) 

^ } 3 X 2a+1~" 3 ' x-y x+y 

x *r 2 x x~ ■ 2*r 

(30 * +^n=^' and *-5Zi=7=rr : hence thc ex - 

X 3 X— 1 x 1 J 

ample is JZT X J(^=T X 5=1 2=W 

fx 4 — p)" H (* S +j)* This is the difference of the squares 

of two quantities divided by the sum of the quantities them- 
selves; the quotient is, therefore, the difference of those 

1 

quantities— namely, .r 2 —- (Algebra, p. 9). 
(4.) By actual division, ~^+a =#~ — 2xa+a 2 : 
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PROBLEMS. 25 

hencc ' («+«)(«-«) + «*= (*-«)*. 

(5.) ^ *%»^3 + Now, it has already 

been seen (p. 10), that a 2 — ab + b 2 ) (a + #)=a 3 + 6 3 : hence, 
suppressing the factor (a 2 — a6-f-£ 2 ), entering the first deno- 
minator and the second numerator, as also the factor x— y, in 
the first numerator and second denominator, we have for the 
product, 

(x*+y 2 )(x + y) ot? + x 2 y+xy 2 +f 
a + b Xl ~ a + b 

(6.) The first expression here is the same as ^.r +Jy 3 
(Algebra, p. 9). Hence the example is 

V xj v+i \ ^x) X X 



X 



Problems (Page 37). 

(1.) Suppose the present age of the son to be x years, then 
10 years ago his age was x— 10; and, consequently, the 
father's age then was ten times as much — namely, 1 Oar— 100. 

At present, the father's age, being four times the son's, is 
4a?; so that 10 years ago his age was 4x— 10; but, as just 
seen, his age then was 10^—100: hence, we must have the 
equation 

10*— 100=4*— 10. 
Transposing, 6x=90 .\ #=15, the son's present age ; 

.*. 4#=60, the father's present age. 

(2.) Let x represent the number ; then by the question, 
3^—8 

— - — =#—2 ,\ 3#— 8= 2a — 4. Transposing, x=4. 
x 

(3.) Let - represent the fraction : then by the question 

y 

#+11 X 1 

—7?, and 7 =t. 

y 3' y— 1 4 
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26 PROBLEMS. 

Clearing the fractions, these become 

3j? + 3=y and 4x=y— 1 ,\4x + l=y. 
Putting this value of y for that symbol in the first of these 
equations, 3j? + 3 = 4*+ 1. Transposing, 2=a?.\y=4#-f 1 = 9. 

2 

Hence the fraction is g. 

(4.) Suppose a*s share to be x pounds ; then b's must be 

4 5/ 4 \ 5 9, .3 

and c s a? -f ^ or 1, or ^ of g-a?, that is, ^a?. Hence the 

sum of the shares is 
4 3 

^+5^+^=132. Multiplying by 10, 10#H-8a:+ 15a?= 

1320; 

4 3 

that is, 33#=1320.\;r =40 32, and ^=60. 

Hence, a's share is ^£40, b's ^£32, and c's ^£60. 

Otherwise. — Suppose a's share to be 5x pounds ; then b's 

5 5 15 

must be 4x, and c's ^(5x + 4x) = ^ . 9x = — x. 

15 

.\5a? + 4#-f-ya?=132. Multiplying by 2, 10a? + 8a? + 15*= 
264 

15 

.\33a?=264.\a?=8.\5a:=40, 4a? = 32, and ya?=60. 
Hence the shares are ^40, ^32, and ^60. 

(5.) Suppose he had x sovereigns ; then, after giving ^ to 
b, he had J^x ; and after giving % of this to c, he had \ of 
-fax left — that is, -fee. Consequently, whatever number x may 
represent, ^ of that number will be left after the deductions 
stated in the question : hence, there is no limitation as to the 
number of a's sovereigns. 

(6.) To avoid unnecessary fractions, suppose he had 12a? 
pounds ; then he spent in horses and oxen x and 4x, so that 
7x pounds were left ; and after spending of this in sheep, 
Is of it was left— that is, 
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49x 49x 

Iq-.'.-Jq =98 .*. 49^=980 
.\*=20 .\ 12*=240 .\ he had £240. 

Involution (Page 39). 

The first Jive examples under this head should be written, 
without any actual work, from the theorems 1 and 2 (p. 9, 
Algebra). 

(6.) («+ &) 4 =(a+&) 2 (a + 6) 2 = (a* + 2ab + b*)(a* + 2ab + F) 
a 2 + 2a& + 6 2 
a 2 + 2a£ + 6 2 



a 4 + 2a 3 ^ + a 2 i 2 

2a 3 $ + 4a 2 & 2 + 2rt5 3 

' — — — 

or thus: {(cfl + 2ab) + fl 2 } 2 by theorem 1 (p. 9, Algebra). 

= (a 2 + 2a&) 2 + 2 (a 2 + 2aft)5 2 + b 4 
= a 4 + 40^ + 4a 2 6 2 + 2a 2 £ 2 + 4a#* + £ 4 
= a 4 + 4a 3 * + 6a 2 6 2 + 4ab* + 6 4 . 

( 7 .) (a - xy = { (a 2 - 2ax) + 2 = (a 2 - 2«*) 2 + 2(<r - 2ajr)^ + jr« 

= a 4 - 4 a 3 * + A 'a?* 2 + 2a? x 1 - A ax 3 + j; 4 
= a 4 — 40^ + 6a 2 .r 2 — 4 aa^ + a- 4 . 

(8.) From ex. 6, 

(a — y) 4 =# 4 4- 4x*y + 6a? 2 y 2 -f 4#y 3 + y 4 ; therefore, 
multiplying by x + y 

a? 6 + 4^7^ + 6j^y 2 + 4;r 2 y 3 + #y 4 

o; 4 y -f- 4ar 3 y 2 -f 6a^y 3 -f 4#y 4 -f y 5 

(a? + y ) 5 = a; 5 -f 5# 4 y + 1 0# 3 y 2 + 1 0# 2 y 3 + 5.ry 4 + y 



(9.) In the last example, change x into s, and y into r, and 
there results (s — z) 5 = s b - 5s 4 z + I OsV — 1 O^z 3 + 5sz* - z 5 . 

(10.) This is the same as ( Vx+ //y) 2 =a? + 2 v*y -f y. 

(11.) This is a case of theorem 2 (p. 9, Algebra). 

c 2 
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28 EVOLUTION. 

(12.) Powers of the same letter are multiplied together by 
merely writing over the letter the sum of the exponents ; 

therefore, (x-y -fy*) 2 =#ty 2 -f 2a?ty l y* -fy = 

arty 3 + 2x*y l +i +y =a?ty 2 + 2a?ty* +y 

■ 

(13.) The cube is at 
once obtained by substi- (a?- — y J ) 2 = # ! — 2a:ty J + y 5 
tuting yi for a, £ in x* — y J 

the expression for (« 



A) 3 (p. 38, Algebra). x— 2a?ty* + aty« 

Or the work may be exe- — aty 5 + 2#ty J — y 

cuted as in the margin, 

by first writing down x— 3x l yb + 3x*y l — y. 

the square of — yi 

by theorem 2 (p. 9, 

Algebra), and then multiplying by xb—yL 

(14.) Gr+l) 2 =* 2 + 2.r+l 



2a: 3 + 4,r 2 + 2* 
t r 4 +4ar'<+6tf 2 + 4,r+l 



(15.) By the theorem at the top of p. 39, Algebra, the 
required cube is equal to the difference of the cubes of (a + b)», 
and («— b)K minus three times their product multiplied by 
that difference. Now, the difference of the cubes is (a + i) — 
(«— b) = 2b : hence, subtracting three times the product multi- 
plied by the difference, we have 

{(a + b)i-{a-b) l }*=2b-3(a + b)ka-b)l{(a^ 

This result is obtained from imitating the general model for 
the cube of the difference of any two quantities at p. 38, 
Algebra; but, as an exercise in actual involution, it may be 
well to exhibit the work at length, as follows : — 
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EVOLUTION. 0() 

(a + b)\-(a-b)l 

(a +*)!- (a+b)l(a-b)l 

(a + b)l-2(a+b)l(a-b)l+(a-bjl 
(a + by-(a-b)l 



(a + b) - 2(a + ft> 2 (« - ft) * + (a + b)l(a - b)* 

- (« + - ^ J + 2(a + ft) l(a - ft) L- (a - ft) 

(a + b) - 3 (a + ft)'(a - ft)^ + 3(0 + *)*(«— (a— 5) 
=2d-3(a4-ft) J («-ft) 1 {(a+ft) 1 -(a-ft)^}. 

Evolution (Page 45). 
(6.) 4**-4a*+tf ! (2*-<i 

4,r— a) — 4ffj?+a 2 

4flJ7-j-0 3 



(7.) 1 — 8a+ 16a 2 (l-4a 

1 

2— 4a) -8a+16a 2 
— 8a+16a 2 



25fl 3 H-40flx+16^(5a-h4^ 
25a 2 



10a + 4,r) 40a.r+16,r 2 

40a.r+16x 2 



(8.) to 8 -3* + £(3*-$ 

&r-i) + i 



Digitized by Google 



30 



EVOLUTION. 



(9.) 49a 4 + 42a 2 6 + 96 2 (7a* + 36 

49a 4 



14a 2 + 36) 42a 2 6 + 96 3 

42a 2 6 + 96 2 



(10.) * 2 -2ar + a 2 + 2.r-2a+l(,r-a + l 

2,r— a) — 2a* + a 3 
— 2ar + a 3 



2*-2a+l) 2,r-2a+l 

2j— 2a +1 

(11.) m 2 + 2m-l-^+~o(m + l--~ 



2m +1) 2ro— 1 
2ro+l 



2m + 2-^-) -2-~ + — 2 
w/ m m 2 



2 

2 1 
m 



"2— + ~ 2 



„„. a s ** 2a* /a * 

(12) ^-2+^+— -ar + « 2 ( ; -" + a 



a« 



2a *\ 

x "J ~ 2 + a* 
"2+^ 



2a 2* \ 2a 3 
~7~~a +a ) — -2^+« 3 



2a 2 
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(13.) The common method of extracting the cube root, 
whether in arithmetic or in algebra, is difficult to remember. 
We shall replace it here by a simple and obvious operation, 
analogous to that exhibited for numbers in the "Rudimentary 
Arithmetic," a reference to which will enable the learner to 
comprehend what follows at a glance, as the two processes 
are the same. 

0 0 a 3 — 3a 2 ,r + 3a,r 2 — x 3 (a — x, 

a a 2 a 3 [the cube root 

a a 2 ) — 3a 2 a? + 3a,r 2 — X s 

a 2a 2 -3a 2 ,r-|-3aa: 2 -x 3 



2a . 3a 2 
a — 3ax + x 2 



3a 3a 2 — 3ax + x 2 ) 
—x 



3a— x 



(14.) 0 0 l-12a + 48a 2 -64a 3 (l-4a, 

11 1 [the cube root 

1 1) - 12a + 48a 2 -64a 3 

1 2 — 12a + 48a 2 — 64a 3 # 

_ _ — " 

1 — 12a+16a 2 



-4a 



3- 4a 



3-12a+16a 2 ) 



The first column of work, in operations of this kind, may 
obviously be shortened by simply annexing the new root-term, 
instead of writing it underneath, and going through the for- 
mality of addition: thus, to the 3d in ex. 13 the new term 
— x might have been annexed; and to the 3 in ex. 14, the 
—4a might have been annexed. In each of the following 
examples (16, 17), the first column is shortened in this way. 
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EVOLUTION. 



(**•) 0 0 8*s + 36a** + 54a 2 * + 27o3i2*+3a 

2* 4*2 8*3 

2* 4.T 2 ) 36a** + 54a 2 * -f 27a* 

2* 8*2 36a* 2 + 54a 2 * + 27a 3 

4* 12*2 

2* + 18a* + 9a 2 



6* 12* 2 +18a* + 9a 2 } 
+ 3a 



6* + 3a 




• 






(16.) 0 

*2 


0 
* 4 


* R -6* f >+15* 4 - 
*« 


-20*3+ 15* 2 
(*2- 


-6*+l 
-2*+l 


* 2 
*2 


* 4 ) 

2* 4 


-6** + 15* 4 - 
-6** + 12* 4 - 


-20* 3 

- S* 3 




*2 

2*2 


3*4 


3* 4 - 

6*3 + 4*2 3*4- 


12*3+15*2- 
12*3+15*2- 


6*+l 
6*+l 



3* 2 -2* 3* 4 -6*3 + 4* 2 ) 
-2* -6*3 + 8*2 

3*2-4* 3* 4 - 12*3+ 12* 2 
+ -2* 3*2- 6*+ 1 

3* 2 -6*+l 3* 4 -12*3+ 15*2-6*+ 1) 
O?-) 0 0 y 6 -6y 5 + 6y 4 + 16y3-13y 2 -24y--8(y2 

v 2 v A y* ' 



r y 4 ) -6y 5 + 6y 4 +16y3 

y 3 ^ V -6y 5 +12y 4 -8y 3 

2y 2 3y 4 ~6y 4 +24y 3 --12y2-24y-8 

_T ~6y3 + 4y 3 -6y 4 + 24y3- 12y 2 -24y-8 

3y 2 -2y 3y 4 —6y3 + 4y 2 ) " ~~ 

— 2y — 6y3 + 8y 2 

3y 2 -4y 3y 4 - 1 2y 3 + 1 2y 2 

~2y -6y 2 +12y + 4 

3y 2 -6y-2 3y 4 - 12y s + 6y 2 + 12y + 4) 
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Note. — The above method of extracting the cube root may 
be abridged; but the uniformity and extreme simplicity of 
the several steps render them so easy of performance, and of 
retention in the memory, that any curtailment of the work 
would be injudicious. (See Young's "Rudimentary Arith- 
metic/ ' p.. 151.) 

Surds (Page 49). 

(10.) This expression is the same as 

V(4 . 3)4- a/(9 . 3) - ^/3+ V(16 . 3) = 2a/3 + 3>v/3- -v/3-f 
4>y/3 = 8>/3. 

(11.) This is the same as V (8.5) — 3 #(64,5) + 
4^(27.5) = 2v 3/ 5-3.4^5 + 4.3l/5 = 2^5. 

(12.) ^16-6^+2^54-4 

^16-6^+2^54-4*^!= 

^(8 . 2)-§^2+2 #(27 . 2) - J #2 = 
2#2-3#2 + 2. 3 #2- #2=4^/2. 

(i3.) %/ r ft V^ 2/ \/?"V ^=i^ 2 *- 

(14.) 5-/0 8 — (4fl)*— 3<?+ -v/(16a)=5a a -2fli-3«- + 4a' = 

2al + 2a»=2a*(fl+l)- 

(15.) 2 # (2*) + 6 ^(4a: 2 ) + # (8**) = 2 ^(2*) + 6 #(2j?) + 

^(2*) =9 #(2*). 

(16.) a/(18oW) + ^(50^^)= ,/(9a 4 6 2 . 2a6) + 
V (25a 2 6 3 . 2a&) = 2>a~b V(2ab) + 5a& */(2a*) = 
(3a 2 6 + 5a5)X v^(2ai). 

5 5 
(17.) #4x7^6x#g=7#(4x6xg) = 7^15. 



(18.) (l+</5)(l -^5)5=1—5=8—4 1 (Theorem 3, p. 9, 
(^3+>v/2)(>v/3->/2) = 3-2 = l /Algebra.) 

b 5 
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(19.) Multiply numerator and denominator by \/a + 
in order to render the latter rational ; then, 

Va+Vb (Va+Vb)* a + 2aW + b 
Va— */b~~ a—b a—b 

( 1 V , i 1 , i *Y * f ** 1 

(20.) Multiply the terms of the fraction by V2 — 1, in 
order to make the denominator rational : then, 

V2+1 = 2=1 =V2-V3+^6-2, as 

shown by the operation in the margin : //3— ^/2 

a/2-1 



V6- 2 

^6-^3 + ^2-2 



(>v/3+a/2) 2 =3 + 2a/6 + 2=5 + 2a/6 

a/3 + V 2 



5V3 + 2V18 

5V2 + 2x/12 
* 

ox/34- 2^/(9. 2)4- 5x/2 + 
0^(4 . 3) = 5V34-2 . 3V2 + 5\/2 + 2 . 2x/3=9>/34- 1 lx/2. 

(21.) These fractions reduced to a common denominator 
become, when added, 

,r4- N /(j 2 4-l)4-J-\/(x 2 +l) 2x 

Multiply numerator and denominator of the next fraction by 
the numerator : then, 

V(*+y)-V(*-y) (*+y)-(*-y) 

J4-y4-2V (a r 2 -y 2 )4-^--y _ 2g + 2, N /(j 2 -y 8 ) jr V^-y 2 ) 
2y 2y ~y4- y 
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SIMPLE EQUATIONS. 35 

(22.) To prove the first, we have only to square the pro- 
posed expression ; thus : 

12 +2J-4 + 2 + 4 

To prove the second, we have, by writing down the square, 
* + yV-fl) ■F-^ -q) 2* 

2 + — (* -«)] + 2 ="2+V fl 

=#-f-^/a. 

Simple Equations (Page 57). 

( 1 .) ^/(aP + 3) = >/7 • Squaring each side, x 2 + 3 = 7- 

. * . jt" — 4 . * . x - 2 > 

Note. — It should be observed, that ( — 2) 2 is 4, as well as 
(-f-2) 2 ; the square root of 4 is as much —2 as +2: the 
value of x in this example is, therefore, either +2 or — 2, 
which is usually expressed thus: «r= + 2. (See p. 64, 
Algebra.) 

(2.) s /(x 2 -\6)=x-2. Squaring, x 2 -16=x 2 -4j:-f4. 
Transposing, 4x= 16 + 4 = 20 .\ x=5. 

(3.) \/x—l = \/(x—9). Squaring, x—2<\/x + 1 =.r — 9. 
Transposing, — 2* s /x= — 10. Squaring, 4x= 100 .'. ,r=25. 

(4.) s/x'\-s/(x— 3) = 3. Transposing, \J(x— 3) = 3 — *Jx. 
Squaring, x— 3=9 — 6<\/x + x. Transposing, 6>/r=12.\ 
\Jx=2. Squaring, <z = 4. 

(5.) \/x— <sj2=sJ(x—2). Squaring, x — 2\/2x + 2= x— 2. 
Transposing, 2^/2,r=4.\ > v /2.r=2. Squaring, 2^=4.'. x= 2. 

(6.) <v/(4jvf3) = 3. Cubing, 4x + 3 = 27 .-.4^=24. \x=6. 

(7.) s/(ox + 4) = ^3x + 2. Squaring, 5* + 4 = 3* + 4^/3* 
4- 4. Transposing, 2x=4^/3x ,\ x=2*ydx. Squaring, 
,2r=12j7.-.x=12. 

(8.) -y/(j: 2 -f a 2 ) +x=i. Transposing, >/(# 2 -f a 3 ) = £ — #. 
Squaring, jr-|-a 2 =& 2 — 2for + ,r 2 . Transposing, 2bx=-b 2 -~a 2 
6 2 -a 2 

•'•*-~2i ' 
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SIMPLE EQUATIONS. 



(9.) y/a=2v / (#— a). Squaring, 4*— 4 s/ax + a— 

4(x— a). Transposing, 5a ^4^/ax. Squaring, 25a 2 =16ar 

25a 

16 

(10.) fl+^=>/^ 2 + 5^-fl). Squaring, a 2 + 2ar + j 2 = 

,r 2 -f5.r-a. Transposing, a 2 + a=(5- 2a)x s.x=—-l. 

5 -2a 

(11.) V(« 2 + ^)=<W+* 4 ). Squaring, a* + x*= 
^(tf+x 4 ). Squaring again, a 4 * 2a 2 r 2 -f.r 4 =M + ,r 4 . 

Transposing, 2a 2 * 2 =M-oV. ^ = ..^ = ^*J=£. 

(12.) V(«-^) = >v/(q q _ <r) --^ Multiplying by ^/(a-x), 

a—x=a—x K /(a—x). Transposing. x s /(a—x)=x.\A S /(a—x) 
= 1. Squaring, a — x= 1 .-.a— 1=*. 

(13.) VXa + aO+y^a— •r) = 2 > /r. Squaring, a-M-h 
2v/(« 2 -ar J ) + a-^r=4^. Transposing, 2 x /(a 2 — ^)=4jr-2a.-. 
V(« 2 -^) = 2^-a. Squaring, a 2 -.r 2 =4.r 2 -4a,r + a 2 . Trans- 
posing, ox 2 — 4a#=0. Dividing by x t 5x—4a=0.\5x=4a 
4 

5 

^/ <g <j ^ 

(14.) — ~- + 3=z— — . The numerator of this last 

fraction is (V^ + 2)(V^- 2): hence the equation is —f^ 

+ 3 = sjx— 2. Subtracting the first fraction from each side, 
2(\/x — 2) 

3=-^ 9 = 2^-4 13 = 2^* Squaring, 4x 

169 

= IG9 .'. = 42|. 

(15.) a:- Vi^+V^ 2 - Transposing, \/> 2 + 
^VC* 2 - 1 )} ==*--«• Squaring, a 2 + x N /(^ 2 -l)=^ 2 -2aj- + 
a 2 . Transposing, xa s /(x' 2 — l)=,r 2 — 2a.r. Dividing by 
v /(j"- > - l)= l r-2a. Squaring, a: 2 — l=j^—4a^ + 4a 2 . Trans- 

4a 2 4-1 

posing, 4a,r=4a 2 + I •'• x= ~~~4i — 
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(16.) V(«+*)-W( g -*) = £. it is proved in the Note 

below, that if two fractions are equal, the sum of the nume- 
rator and denominator divided by their difference is the same 
for each fraction. Applying this principle in the present 
case, we have 

V(£±f) = £±i. Squaring, £±£ = <i±*l* 

Clearing fractions, (c— 1 ) 2 (a + x) = (c + l) 2 (a— x). 
Transposing, {(c-l) 2 -f(c-H) 2 }x={(c+l) 2 ~(c-l) 2 }a : 

that is, (2^ + 2)^=40(7 
2ac 

Note. — The principle employed in the solution of this 
equation is often of considerable use in simplifying the work ; 
it may be proved as follows : let the two equal fractions be 

-=| S then, "+ l=f+l: that is, T=— (A) 

m p m—n p — q 
Atao.--l=|-l: — = P -f (B 

m + n p + Q 

Divide (A) by (B) ; then m _ n =yzT^ ' wn i° n is the prin- 
ciple employed above. 

(17.) \Z(x + a) = s/a + a). Squaring, x+a=a+ 
2^/(ax-a 2 )+x—a. Transposing, a=2\/(ax—a 2 ). Squaring, 

5a 

a 2 =4(ax— a 2 ). Transposing again, 5a 2 =4 or .*. x=-^- 

\/x ~f~ x) 

(18.) *Jx—*J(a—x)=> g Transposing, 

\/r-— 3\/(a— #) 

-=0.-.^/x-^ s /(a-x)=0.\^x^3y s /(a—x) 

9a 

,\x = 9(a—x) .'. 10.r = 9a *=Jq' 

° 9 - ) V(* +i )~\A* 8 ~* ) =c - Squarins - 
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Transposing, 2 / y/ (^-* 2 )=V~ c2, 
Squaring, 4^-^=-^-— 

Transposing, --^-=4& 2 + c 4 4aV=(4$ 2 + c 4 ).r .\*= 

40^ 
4£ 2 + c 4 ' 

(20.) This equation was probably intended to be V(* 2 + 9 ) 
a? — 9 

= - 2 + ^/(g3 + 9)-3 ' Adding 3 to each side, V(* 2 + 9 ) + 3 

= l+ \Z(x 2 + 9) — 3 ' Clearin & fraction >* f +» — 9= >/(* 2 + 9) 

-3 + .r 2 -9, Transposing, 12=V(** + 9) .\ 144=,r 2 + 9 ,\ 
ar 2 = 135 .*. 07=3^15. 

wa 2 

(2L) vT^T^r x=v ^^ 

Clearing, na?-xsj(x 2 + a 2 ) =x 2 + a 2 , ' : 

Transposing, («— l)a 2 -a^=jV(* 2 + « 2 )- 
Squaring, (n — 1 ) V— 2(* - l)a*x* + **= j 4 + a V. 
Transposing, (a— l) 2 a 4 =(2« — l)cV 

o (*-l) 2 a 2 _ (*-l)a 
* '* - (2k- 1) •'•' r -(2»-l)* ' 

(22.) ff*~V(* 2 +*+l) = \/(* 2 --*+l). 
Transposing, a.r= VC* 2 + * + 1) +\/(* 2 -* + 1). Squaring, 
0®**=**+*+ 1 + 2 x/{(^ 2 + 1) + *} {Cr 2 -f 1)-*} +^ 2 -^r+ 1: 
that is, a 2 ^ 2 =2^ 2 + 2 + 2v'{(^ 2 +l) 2 -tf 2 }=2^ + 2-l- 
2</{x 4 +x 2 +l}. Transposing, (a 2 -2)* 2 -2= 

2V{x*+x*+l}. 
Squaring, (a 2 — 2) 2 j? 4 — 4(a 2 — 2)x 2 + 4=4(a? 4 + ^H- 1) ; 
that is, (a 4 -4a 2 4-4> 4 -4a 2 a:2 + 8x 2 =4j: 4 + 4^ 2 . 
Transposing, (a 2 -4)aV - 4a 2 x 2 + 4x 2 = 0. 
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Dividing by x 2 , (a 2 — 4)a .t 2 — 4a 3 + 4 = 0. 
Transposing, (a 2 — 4)aV = 4 (a 2 — 1 ) 
„ 4 a 2 -l 2 /a* -I 

(23.) \/(a 2 -f a«r)=a — \/(a 2 — a.r). Transposing, \/(a 2 -f 
flar)+ */{a 2 — ax)— a. 

Squaring, a 2 -f aa: + 2 //(a 4 — a 2 *r 2 ) -f a 2 — ax = a 2 . 

Transposing, 2a V(a 2 — ^ 2 ) = — a 2 . 

Dividing by a, and squaring, 4a 2 — 4,r 2 =a 2 

3a 2 _a 
.".iT — ^ .*. j? — 2 

(24 -> ^ + J = a/{1 2+ V / (A + ^)}* S( * uariD e> 

. 1 4 4 4 1 
Squaring, ? + a ^+^=P72 + - 4 - 



1 x 2 
Subtracting — , and then multiplying by — , 

x 4 

J_ 1-1 
ax~^a?~~b 2 ' 

Multiplying by a 2 b 2 x, ab' 2 + b 2 x=a 2 x 
ab 2 = (a 2 — 2r)x .'. x — a ?, 

(<2$\ ax ~ 1~ _ 4 — ^ ax ~ 1 . In the first fraction, the 

denominator consists of the sum of two quantities, and the 
numerator is the difference of the squares of those quantities ; 
hence (Algebra, p. 9), the equation is the same as 

A/ax— 1 \/ar— 1 
Vax— 1— 4= g — > or A/ax — 5 = j — 2Vax—9 

81 

= v„ =9 /.« = 81.-.* = T 



t 
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(26.) iV(x*+3aZ) + lV(x*-3a*)=xVa. Multiply by 2. 

+ 3« 2 ) + vV- 3a 2 ) = 2x Va. 
Squaring, x 2 + 3a 2 + 2 V(x 4 - 9a 4 ) + .r 2 — 3a 2 =4a,r 2 : 
that is, 2 < r 2 + 2 v /Cr 4 — 9a 4 ) = 4a.r 2 . Divide by 2, and transpose 

V(j: 4 -9a 4 ) = (2a-l)^. Square 
,r 4 -9a4=(4a 2 — 4a + l)* 4 . Transpose and divide by a 

(4-4a)*«=9«».-.* = ^ 

1 1 1 

( 27 -) v(l-*) + i + VO+^PH = * 1U| WT P ^eteniis 

of the first fraction by 1 — ^/(1 —x), and those of the second 
by +#)+ 1, and the equation becomes 

l- V(l- x) + l _ I 

Multiplying by and transposing, 
\/(l-*)-y(l+*):=l. Squaring, 
1 -#-9^/(1 ^j^ + l+rsl: that is, 2-2^/(1 -*r 2 ) = 1 . 

3 /3 

Transposing and squaring, 4 — 4x^ = 1 .'. ^=-7 .-. = ^-7 • 

(28.) ^(1 +x) + a S /(1 _*) = ^2. Cubing (Algebra, p. 38), 

(l+,) + (l-,) + 3#tl-j*){^(l+*)+^(l_,)} = 2. 

But from the given condition, the quantity within the braces 
is equal to v"2. Consequently, 

2-i-3^(l-x 2 ){^2}=2/.3^(2~2^ 2 )=0 
.\2-2**=0.\**=l .\x=\ or —I. 

( 29 0 a:-^(^-l) + ^+V^^ =4 ' r(,r "" 1) - 
Multiply the terms of each fraction by the numerator of that 
fraction, and the equation becomes 

{*+ V(r J -l)} 2 +{^~^ 2 -l)} 2 =4^-l): 
that is, 2x 2 + 2(,r 2 -l) = 4x 2 -4^.-.2=4^.-.a:=^ 

'2, 

(30.) #+y=5 1 By adding and subtracting, we have 
*-y=l J 2x=6, 2y=4 Jr=3,y=2. 
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(31.) 2x— y=l. 1 Multiplying the second equation by 
x+ 3y — 1 1 . J 2, we have 

2x—y = \ 

2* + 6y = 22 



By subtraction, 7y=21 ,".y=3 
.\,r=ll-3y=ll-9 = 2. . . 

(32.) 4x— 1 ly=9. 1 Multiplying the second equation by 2, 
2 t r + 3y=13. J 4*— lly=9 

4,r + 6y=26 

By subtraction, 17y=17.\y=l 



13-3y 10 
•*" r — 2 "~ 2 ~~ 5, 

(33.) 3.r + 2y=23."l Multiplying the first by 2, and 
— 2x + 5y= 29. j the second by 3, 

6,r+4y=46 • 
-6* + 15y=87 

By addition, 19y=133 .\y=7. 

Again : multiplying the first by 5, and the second by 2, 

15,r+10y=ll5 
— 4j-+10y=: 58 

By subtraction, 19a? = 57.'. #=3 



x ~\ y 

(34.) ^— y=l. I From the second equation ^ =2 + 8. 

y /Substituting this for x in the first, we 
x— o= 8 - J y 3y 

^ have ^ + 4 — y= 1 .•.3 = -j--*-y=4 

= | + 8=2-f 8=10. 

^ 1 Clearing fractions, the equations be- 

(35.) 3 + 5— 5 - I come 

y f 5,r + 3y=75 

2x + ^=17. J 6j+ y = 51 .\y=51 -f>r. 
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Substituting the value of y in the first equation, we have 
5^+153 — 18j:=75. Transposing, 78=13* .*. x=6 
.•.y=51-6.r=51-36=15. 

x+y * — y_ -\ Subtract the first equation from 
( 37 -) "To"^"~2 -:=0 ' I tne second, and there results the 

equation 



*+ y , y 



Hence from the first 10 - 1 '"• *(*+ti- 5 

equation, 1 +i(*— y)=0 £(*— y)= — 1 

r x =4 
By adding and subtracting, ^ =6 

2*— y 3 3y ^ By transposition, the first 

(38.) j — 2 = T~~*~" 2 ' I °f tnese equations becomes 

J 

3*— 2y 

that is, — ^ — = — a •*« 3#— 2y= — 1 ; 

and, by clearing fractions, the second is *-}-y=8. 

From this last equation, #=8— y; and this, substituted in 
the preceding, gives 24— 3y— 2y= — 1 .\ 5y=25 .\ y=5. 

(39.) ax + by=zc."\ Multiplying the second by ab, the 



ax + by=zc.~) Multiplying th 
I equations are 

_ 1 J ax + by=c 

b a~~ ' J ax — by=ab 



ab-\-c 

Adding, 2ax =ab + c *=— 

c — ab 

S ubtracting, 2by = c — ab . • . y = ^ • 

* + 2 7 ^ Clearing fractions, 8* + 1 6= 7y 
(40.) — =g- 1 ' 6*=5y- 10 

^f_ = ^. I Subtracting, 2*+ 16 = 2y+ 10 

y-2 6 J 2y— 2*=6 y=* + 3. 

Hence by substitution, 8*+ 16 = 7* + 21 .-. *=5 ,\ y=8. 
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m n Multiply the first by m, the second by 

(41-) ^^"y^ 0, I w, and subtract : we thus have 

S ra 2 — n 2 m 2 — w 2 

x y J 

Again : multiply the first by n 3 the second by m, and sub- 
tract; then, 

m> — 7j- w — n 

=mb—na .\ y=— t 

y * mb—na 

(42.) (*-M)(y-9) = (y + 7)(* + 5)-112.1 The first equa- 

3y— 2,r=9. J tion is 

jy-f y-9a:-9=^ + 7j: + 5y + 35— 112; 
that is, by transposition, 4y+\6x=68, 
so that the equations are 
y + 4x=17."l Multiplying the second by 2, and adding, 
3y— 2jt= 9. J we have 

y 17-5 
7y=18 + 17=35 .*. y=5 .-. 5 + 4x=17 .\ ^ — =3. 

y— 2j— 1 \ Clearing fractions, 
(43.)y-f5=10- 3 I i 2y + 3 *=120-4y + 

2*-l 6g-2y .r-y. [ 8ir + 4 

"10 5~~~ = "To" J 2*— l-12* + 4y=*— y. 

Transposing, 16y— 5*= 124 

5y— 1 lx= 1. 

Multiplying the first of these by 11, and the second by 5, 

176y-55,r=1364 
25y— 55j?= 5 

1359 

Subtracting, 151y =1359 .\ Jf--^ = 9 

5y— 1 44 

•••• x=J rr=n= 4 - 

(44.) 3-4.r— *02y=*01. 1 Multiplying the first by 20, 
2x+ •4y=l*2. J we have 
68x— -4y='2 
Adding, 2*+-4y=l-2 

1-4 

70x =1-4 .-.*:=— = -02. 
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and by the second equation, -04 + ^=1 -2 ... y== 1 ' 16 . a=s2 . 9 

4 

(45.) —3^ = 0. I or «? + «-y=3ac J by multiplying by 3a, 
ax—by= c . J 



ax— by— c 



Subtracting, (a* + b)y=(Sa-l)c .-. y= (3g r 1)c 
1 * + £ 

Also, bx + aby=Zbc by multiplying the first 
ajc—aby-ac ^ y 3^ 

Adding, .(* + »),= (a + 8*)c ... « ^± 3 -^ C . 

(46.) ^+*y==A 1 Add aHi 2 to the first equa- 

«(«+*)=*(*+,). / tion, then it becomes 4 

Also, «(a+.r/---0(0+y)==O. 

— 

Adding and subtracting / 2 < a + *) =« 2 + * 2 + c 2 

5 L2^ + y)=a2 + ^ + c 2 

2~a >y= Tb 

(47.) J*-g+3^ 16.1 Multiplying the first by 2 and 

£t2-? = ?" SeC ° nd ^ 3 > in order t0 eli- 
*r + dy— 4z= — 1. J mmate z, we have 

4a:— 4y + 6j= 32 
Or-f 15y-6z=18 



Adding, iar+1 ly =50. . . . (A). 

Again : multiplying the second equation by 2, we have 

6o:+10y-4j=12 
4jf+ 3y-4z=-l 

Subtracting, 2»+ 7y =13.... (B). 



Digitized by Google 



SIMPLE EQUATIONS. 45 

Multiplying (A) by 7 and (B) by 1 1, in order to eliminate y, 
we have 

91* + 77y=350 
22* + 77y=143 

Subtracting, 69* =207 ■% *=3 

13—2* 7 

.'. from (B),y= — - — =- = 1. And substituting these values 

of * and y in either of the proposed equations, the third un- 
known z becomes determined thus : taking the second of the 
given equations, we have 

3* + 5y- 6 9 + 5 — 6 
z ~ o = r, =4. 



x y z 
(48.) 3 + f+5=47. 

.r y z 

4 + 5 + 6= 38 - 

x y z 



second by 2, then 

60* + 45y + 36^=8460 
60* + 48y + 40z=9120 



These equations, cleared of frac- 
tions, become the following — 
namely, 

)> 20*+15y+12z=2820 
30* + 24y + 20^=4560 
12*+ 8y+ 62= 1488 
Multiply the first by 3 and the 



By subtraction, 3y+ 4z= 660 (A) 

m^^^^^^^—m _____ __, mmm..^^ 

Multiply the first by 3 and the third by 5, then 

60* + 45y + 36*=8460 
60* + 40y + 30*=7440 

By subtraction, 5y+ 6z=i020 (B) 

. ■ _^___ 

Multiply (A) by 3 and (B) by 2, then 

9y+ 12z=1980 
10y+12*=2040 

By subtraction, y =60 

660 -3y 

^A) r = — -^-^ = 165-45 = 120. And, from the first 
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of the given equations, 

2820 - 1 5y - 1 2z 2820 - 900 - 1 440 

X ~ 20 ~ "20 =24 ' 



(49.) ^=5. 



1 




or 



x + y—5z=Q. 

^ y— z— x=0. 

y a j L 3or-3,- y=0. 

Subtracting the second from the first, we have 

2x—Az=0 x=2;r 
Substituting this in the third, y=3*. 

If these values be substituted in either of the equations, 
the condition of that equation will be satisfied without limiting 
z to any particular value: hence, z may be anything, the 
accompanying values of x and y being 2z and 3z. Thus, if 
z be taken equal to 2, then x=4, y=6, z=2 ; if z be taken 
= 1, then x=2, y=3, xr=l, &c. Either set of values will 
satisfy the proposed equations, as is obvious. 

(50.) xyz=40. "I These four equations may be reduced 
j-yt0= 80. I to three, thus : divide the second by the 

. s=S/»- ^5- 

stitution, ,ryz=40, ys 3 =100, .rz 2 =50 

40 40j 4 

.'.x= — .'. — =50 y~-zz 

yz y y 5 

4 

^ 3 =100 r*=25x5=5 3 

4 40 
.'. r=5 .*. y=-z=4 .'. ,r=— = 2, tt>=2*=10. 

Problems (Page 62). 

(1.) Let x represent the number; then by the question, 
A ^(2x+9) = 5. Squaring, 2x-f9 = 25 
,\ 2x=16 x=8. 
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(2.) Let the number be represented by x; then by the 
question, 

a/(5o7 + 4) = 2 + a/3-t. Squaring, 5* + 4 =4 + 4^/3* + 3*. 
Transposing, 2x=4 s /3x .\ ^=2^/3^ .\ ar=\2x .\ o:=12. . 

(3.) Let x represent the number ; then by the question, 
N /Cr 3 --7) = 7-a'. Squaring, x 2 - 7 = (7 -,r) 2 =49- 14a: +x 2 

14a?=56 .*. x=4. 

(4.) Let x represent the greater number, then 56— x is the 
less ; and by the question, 

o?-(56-a?) = 24 .\ 2^=56 + 24=80 .\ or =40 

56—a?= 16. 

Hence the two numbers are 40 and 16. 

Otherwise, — Let x be one number, and y the other : 

then, x+y=56 
and x — y=24. 

Add and subtract, 2a? =80 a? =40 1 the numbers 

2y=32 .\ y=16. J sought. 

(5.) Let a? be one number, then 16— a? is the other; and 
by the question, 

' 112 2 

-4- — -_ . 

x 16— x x 16—07 
3 1 

Transposing, — — — - .*. 3*= 16 -a? .\ 4x=l6 

16 — 07 x 

,\ 07=4, .'. 16— a?=12. 

Hence the numbers are 4 and 12. 

Otherwise. — Let the numbers be a? and y; then by the 
question, a? + y = 1 6 

112 2 

and - + -=-— - 
07 y x y 

3 1 

y-i=° •'• 3*-y=0. 

But 07+y=16 

Adding, 4o? =16 07=4 
.\y = 16-o?=12. 
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(C.) Suppose there were x ships at first: then there were 

XX X 

taken, sunk, and burnt, 3 + g + 2; that is, g + 2, so that there 

(x \ x 

2 + 2J; that is, 7>~ 2 - W these, one-seventh 

were lost in the storm, so that six- sevenths of them — that is, 
— 2^ were left ; and by the question, 

2^=24 .% 2 =168 

3*— 12 = 168 .'. x— 4 = 56 .\ *=60. 
Hence there were 60 ships at first. 

v 7.) Suppose the ages were x and y years : then by the 
question, 

x : y : : 3 : 4 1 Multiplying extremes and 
and 10 : y— 10 : : 2 : 3 J means (Arithmetic, p. 101). 

4*=3y 4*— 3y=0 

Sx— 30 = 2y — 20 .\ 3i — 2y=10. 

Subtracting, *— y= — 10 .\ x=y— 10. 

Substituting this in the second, 3y — 30 — 2y=10 .\ y=40 

.-. *=30? 

Hence the ages are 30 and 40 years respectively. 

(8.) Suppose x gallons must be added : the worth of these 
will be 14 x shillings; so that the worth of the whole 
20 + 36 + x gallons will be (180 + 396 + 14*) shillings. But 
by the question, the same is worth 12(20 + 36 + *) shillings. 

.-. 576 + 14*=672 + 12* 

.•. 2*= 96 .'. *=48, the number of gallons. 

(9.) Suppose the price of a sheep was * shillings, and the 
price of a lamb y shillings ; then by the question, reducing to 
shillings, 12* + 20y=580 .\ 3* + 5y=145 

Also, 10* + 30y=670 .\ * + 3y = 67 

Multiplying this last by 3, 3* + 9y=201 

Subtracting the first from it, 4y= 56.\y=14 

*=67 — 3y= 67-42 = 25 

Hence the price of a sheep was 25s., and that of a lamb 14$. 
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(10.) Suppose * to be the number of pounds a contributed, 
and y the number b contributed ; then, since the whole stock 
is to the whole gain as the contribution of each to his proper 
share of that gain, we have 

153* 

833 : 153 : : x : -^3 A ' s share, 

153y , , 
833 : 153 : : y : B s share. 

Now by the question, 

153* 153y 

"833 +45= l33 * 
Also, *+y=833 (1). 

Substituting *-f-y for 833 in the denominators above, and 
clearing fractions, 1 5 3* + 45* -f 45y = 1 5 3y . 

198*-108y=0 .\ ll*-6y=0. . . . (2). 

Multiplying (1) by 6, we have 6* + 6y=4998 

And adding, 17*=4998 .\ *=294. 

Also from (1) y=833—*=833— 294=539. 
Hence a contributed ^294, and b £539. 

* 

* 

(11.) Let * represent the number of sheep, then must 

* 

be the number of acres ploughed, and 4 the number of acres 
for pasture ; therefore, by the question, 

* Q + —700. Multiplying by 20, 2* + 5*=1400 .\*=2000. 

■ 

* 

(12. Let - be the fraction : then by the question, 

* 1 

x+y=5x .\ y = 4* : hence the fraction is 4^= J* * 

(13.) Let * represent the number ; then by the question, 
*-f 1 : *-{-5 : : *-f5 .: *-f 13. 
Multiplying extremes and means, there results the equation 
(*4-l)(i4-13) = (* + 5) 2 ;thatis,* 2 +14*+13=* 2 -r-10*+25. 
Transposing, 14*— 10*=25 — 13 ,\ 4*=12 /. *=3. 



- 
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(14.) Suppose a takes x hours, and b, y hours; then, when 
they meet, a will have travelled x— a hours, and b, y— b. 

Moreover, a travels at the rate of - of the distance in an 

1 . * 

hour, and b at the rate of - the distance in an hour ; so that 

y x — a 

in x — a hours A will have gone of the distance, and b, 

y-b X 

of the distance. But these parts of the distance make 

up the whole. 

x—a y—b 

.-. + - =1.... (1). 

x y w 

Also, since, at the time of meeting, each must have travelled 
the same number of hours, it follows that the difference 
between the number of hours occupied by a, and the number 
occupied by b in going the whole distance, must be a — b: 
hence, for a second equation, we have 

x—y=a—b. . . . (2). 

From the first equation, by clearing fractions, 

xy—ay-\-xy — bx—xy 

bx 

that is, (x—a)y=bx .*. y= x _ a ' 

But from the second equation, y=x— a + b 
bx 

=x—a + b /. bx=(x— a) 2 + bx— ab 



x — a 

.*. (x— a) 2 =ab .'. x—a=a*b* .'. x=a + a*b i . 

Consequently, y=x— a + b=a*b h + b ; and these values may be 
expressed in the following form— namely, 

Number of hours taken by a, a*(a*-|-M) 

„ 

Note. — The equation (1) would be expressed a little more 
conveniently by writing it thus : 

a b a b 

1— — - = 1 .'. 1—- = - .*. (x—a)y=bx. 
x y x y v /y 

(15.) Suppose he takes \h of a quart of the first : then he 
1 

must take 1— of a quart of the second. The value of the 
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20 

first of these portions is — pence, and that of the second is 

12 (i— ~) pence : but the value of both portions is 14 pence, 

by the question, 

20 12 8 

— + 12— = 14 -=2 .'. S=2x .'. x=4. 

X X X 

Therefore, he must take \ of a quart at 20 pence, and J of a 
quart at 12 pence; the former portion being worth 5 pence, 
and the latter being worth 9 pence. 

(16.) Let x represent the first digit, and y the second; 
then, since the local value of x is ten times the figure x, the 
number itself will be expressed by 10;r+y : hence the condi- 
tions of the question are 

10*+ y= 5x + 5y\ . f 5.r— 4y=0 
and ll* + 2y=10y + x] * # \ 10r -8y=0, or 5*-4y=0. 

It appears from these two equations, that the two conditions 
of the question are not independent — that is, that the second 
condition is substantially only a repetition of the first. The 
inference therefore is, that any two digits, x and y, which 
satisfy the single condition 5*— 4y=0, or x—^y will answer 
the question : all that is necessary being, that the first digit, 
x, be four-fifths of the second, y. But the only digit y of 
which four-fifths is also a digit, is evidently 5 : this, there- 
fore, must be the value of y ; and, consequently, 4 must be 
the value of x : hence the number is 45. 

Note. — The learner will have frequent occasion to notice, 
in solving problems by algebra, that the science will often 
furnish results much more general and comprehensive than 
the restrictions of the question admit of being received as 
answers to it. The present example is an instance of this ; 
the algebra justifies our assuming any number for y, and then 
taking four-fifths of that number for x : thus, we may take 
y= 10, then x=S; or we may take y = 15, then ^=12, and 
so on, to any extent. These values all fulfil the original 
algebraical conditions above — namely, 10.r+y=5.r + 5y, and 
ll.r + 2y=10y + .r; but there is a restriction in the question 
from which these algebraical conditions are wholly free* — 
namely, the only values admissible must each be a single digit ; 
so that the values of y=10, y=15, &c, each consisting of 

d 2 
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more than one digit, are inadmissible as answers to the ques- 
tion. The learner should always examine whether the alge- 
braical solutions, when there are more than one, are not, some 
of them, in this way rejective in consequence of limitations in the 
question not being impressed on the algebraical translation of it. 

(17.) Suppose he began with x shillings: then at the end 
of the first sitting he had, according to the question, Zx— 16 
shillings. As, at the second sitting, he lost four-fifths of this, 
he had only one-fifth of it left, which sum, added to the x 
shillings he afterwards won, amounted by the question to 80 
shillings : hence this equation 

i(Sx-\6)+x=80 3*-16 + 5,r=400 
.-. 8^=416 .-. *=52. 

Consequently he began with 52 shillings. 

(18.) Suppose they can finish it in x days: then they can 
do - of it in 1 day ; but by the question a alone can do - of 

it in 1 day, and b alone | of it ; so that together they can do 

-+■£: hence the equation, 

111 ab 
a ' b x a+b 

(19.) Suppose his original stock was x pounds : then he had, 
at the end of the first year, 

x-50 + ±(x-50), or i(x-50) ; 
at the end of the second year, 

50 16 • 200 

i(x - 50) - 50 + i(x - 50) y= y (x - 50) — y ; 

at the end of the third year> 

r 16 200 l 

Hence by the question, 

r 16 200 I 

Aj-Or-SO)— 3— 50 J =2* 

64(.r-50) 800 _ „ 
♦ - -g - — -200=6* 

.-. 64* -3200 -2400- 1800=54*. 
.\ 10.r = 7400 .r=740, the amount of stock. 
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Note. — A little consideration of this question will show 
that the stock at the end of the third year must be 

i .a.a(*_50)-A.a.50-4.50. 

And generally, if the term be n years instead of three, the 
stock at the end of that term would be found by prefixing 
f, as factor, n times to (x— 50), »— 1 times to 50, then n— 2 
times to 50, and so on, till "we came to simply ± . 50 ; each 
of the products, after the first, to be subtracted. 

(20.) Suppose the velocity of the strongest tide to be x 
miles an hour, and the velocity the man could give the boat 
without any tide at all y miles an hour ; then with the stronger 
tide in his favour he goes x+y miles an hour, and therefore 
4 G*+y) m t of an hour; and with the weaker tide against 
him, he goes y — \x miles an hour, and consequently %(y—\x) 
in 1 £ hour : hence, as the distance is the same there and back, 

3* + 3y=6y— Zx ,\ 6*=3y. 
But, by the question, 

}(,r+y)=5 3.r + 3y=20 .'. 3y=20 — Zx 
.\ 6x=20—3x Or =20 .\ a:=2f. 

(2 1 .) Let the three parts be x, y, z\ then by the question 
we have these three equations ; namely, 

tr + y + r = 11520] f.r+y + 2=11520 

9x + 9y=7y+7z > .\ < 9x + 2y—7z=0 
Sy — 8z=x + z J [ — 9j? + 8y— z=0. 

Adding the last two equations, lOy— -Sz=0. 

Subtracting the second from 9 times the first, 7y + 1 0z= 103680. 

Adding twice the first of these to the second, 27y= 103680 

lOy 5y 

.-. y = 3840 /. ^=-^ = ^ = 960X5=4800, 

and o-= 11520— (y + r) = 2880. 
Hence the three parts are 2880, 3840, and 4800. 

(22.) Suppose he bought x sheep : then by the question 

94 

the cost of each was — pounds. After his loss he had x— 7, 
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x j £4 

and the cost price of one-fourth of these was — — or 
x—1 47 

~2 — — ; but by the question this price is £20 : therefore, 
47(*-7) 

~~ =20 47.r-329 = 40,r 

k lx 

.\ 7j?=329 .\ x =47, the number of sheep. 

(23.) Suppose x quarters of wheat and y quarters of barley 
pay the rent: then by the question, 55tf=33y, also 6ox + 
41y=55.r + 33y + 140, seeing that there are 140 shillings in 
£7 : hence the equations, 

55*-33y=0 1 . / 5x- 3y=0 
10* + 8y=140/ \5,r + 4y=70. 

Subtracting, 7y=70 ,\ y=10 

3y 

Hence there were 6 quarters of wheat, and 10 quarters of 
barley. 

(24.) Suppose the distance travelled to be x feet : then the 

x x 

fore-wheel must have revolved - times, and the hind-whel r 

a o 

times ; and by the question, 

x x abn 

- = -j +n ,\ bx—ax-\-abn .'. (6— a)x=abn ,\x=r — • 
a o ' o — a 

Pure Quadratic Equations (Page 65). 
(1 .) x~= 144. Extracting the square root, x= ± 12. 

(2.) — 9=16. Transposing, a: 2 =25. Extracting the 

square root, x— + 5. 

3x 2 

(3.) — — 5 = 7. Clearing, 3ur — 20=28. Transposing, and 
dividing by 3, j? 2 =16. Extracting the square root, x= +4. 

(4.) 2>v/(l-tf) 2 =>A Squaring, 4(1 -^) = 3, 

or4-4x 2 =3. 
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Transposing, 4x 2 =l. Extracting the square root, 

2x= + l .-. x= + |. 

^/(aZ + a?)-* 1 vV+* 2 ) 1 , *+l 
(5.) " = - b .:- = - + 1= _. 

_ . a 2 + x* (6+1) 2 a 2 (6 + 1) 2 , 26+1 
Squaring, •'• ?=~^ — ~ 1 

Or, reversing the terms of each fraction, 



aft 

Hence, extracting the square root, gar^j ^^y 

7x 2 4x 2 + 5 2x2-15 , , 

(6.) -f— - 2 — + — =0. Multiplying by 4, 

7x 2 -8x 2 -10 + 2x 2 -15 = 0 .\ x 2 =25 .'. x=±5. 

1 9 
< 7 ') 2p + 7= 4r2- Multiplying by 4x 2 , 

2 + 28x 2 =9 /. 28x^=7 .\ 4x 2 =l .% 2x= + l .-. x= + f 

x 2 + 50 x 2 — 10 

(8.) 35 £ — = x 2 - — g — . Multiplying by 15, 

525-3x 2 -150=15x 2 -5x 2 + 50. 
Transposing, 325 = 13X 2 ,\ x 2 =25 x= +5. 

Adpkcted Quadratics (Page 73). 

(1.) x 2 — 8x=9. Completing the square, x 2 — 8x + 4 2 =25. 
Extracting the root, x— 4= + 5 .\ x=4 + 5 = 9 or —1. 

(2.) x2+12x-16=92 * 2 +12x=108. 
Completing the square, x 2 + 12x + 6 2 =108 + 36= 144. 
Extracting the root, x+6= + 12 .\ x= -6+12=6 or —IS. 

(3.) x 2 — 3x= 10. Completing the square, 

®9 49 
2=10 + - = T . 

3 7 3+7 
Extracting the root, x ~2 = ±2 •'• *=~^~ = =5 or —2. 
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(4.) x 2 — x -f3=45. Transposing, a? 2 — ,r=42. 

" 169 

Completing the square, or— #+^= 42£= -j— 

13 . 1 + 13 
Extracting the root, x—i=±1^ .* = — ?> — = ' or ~~ 

x 4 

(5.) 5x 2 + x=4. Dividing by 5, x 2 + 5 = 5* 

_ * 1 4 1 81 
Completing the square, •* 2 + £ + T00 = 5 + To6 = 100* 

1 9 -1+9 4 

Extracting the root, x + Jq= .*. x— — jq — —5 or — 

x 21 

(6.) 2x 2 -^=:21. Dividing by 2, ^-^IT 

. f 1 21 1 169 
Completing the square, 2^T6 = "2""^r6 ==: To r " 

. , 1 13 1±13 7 

Extracting the root, ^=+-^- ,r= — - — = £ or —3. 

(7.) 5*»+&r-3=60 .\ 5x 2 + 6,r=63. Dividing by 5, 
6x 63 

<T" + = . Completing the square, 

Q 6x 9__M 9 324 

+ 5 + 25"~ 5 + 25"" 25 ' 

. , 3 18 -3+18 21 
Extracting the root, 1 + g= + y .\ ,r= ^ =3 or — -g" 

(8.) J?— 1= — -• Multiplying by # 2 — #= — 1. 

Completing the square, ar— 1 r + £=--f. 

. , 1 V-3 1 + ^-3 
Extracting the root, - = — ^ — •'• • r — 2 ' 

(9.) (*— 12)(*+2)=0; that is, x 2 - 10*= 24. 
Completing the square, x~— lOx + 25 =49. 
Extracting the root, a?— 5= +7 #=5 + 7 = 12 or —2. 

Note. — The given equation in this example may be readily 
solved without going through the process for a quadratic : for 
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it is plain that the equation (*— 12)(* + 2)=0 is satisfied by- 
equating either of the two factors in the first member of it 
to 0; that is, it is satisfied for *— 12=0, and also for 
# + 2=0; therefore, it is satisfied for #=12, and #= — 2; 
and these are the only values that will answer, since a pro- 
duct cannot become nothing except one of its factors become 
nothing. The learner will thus perceive, that when the 
factors of the first member of an equation are actually exhi- 
bited, the second member being zero, all the roots of that 
equation are discoverable by simply equating each factor to 0. 
Thus, if 

( x - 4) (* + 6) (* + 2) (* - 8) = 0, 

the roots or values of x in this equation are #=4, #=—6, 
#= — 2, #=8. 

Moreover, when one of the roots is known, if the first 
member be divided by x minus that root, the quotient, equated 
to 0, will be the equation containing the remaining roots. Or 
if the final or absolute term of an equation, whose terms are 
all brought to one side, and the coefficient of the highest 
power of x rendered equal to unity, be divided by one root, 
the quotient will be the product of all the other roots. The 
learner will find these principles of frequent application in the 
following solutions. 

I4x 

(10.) 3**- 14*= — 15. Dividing by 3, * 2 -- -3-= -5. 

_ 14* 49 49 4 
Completing the square, -^--f -^-=~— 5 = ^« 

7 2 7 + 2 

Extracting the root, *— 3= ±3 •'• *=— g-=3 or If. 

(11.) 2* 2 -ll*=21. Dividing by 2,x°~-^~- 

„ t # " ,11* 121 21 121 289 

Completing the square,* 2 —-^- + y^"=*2"+ T6 r== "l6 * 

. , 11 17 11 + 17 

Extracting the root, *—-j = ±"J" *= — J — =7 or — 1^. 

(12.) ax 3 — bx=c. Dividing by a, x 2 — -*=-• 

D 5 
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■ 

b b 2 c b' 2 b* + 4ac 
Completing the square, j^-^-f — — ^-f— — ^ . 

b *J(p + 4ac) 
Extracting the root, * — ^= ^ 

b±V(b* + 4<ic) 
2a 

14 — * 

0 3 -) 4j? -7^T= 14 - Clearing, 4* 2 + 4*- 14 + *= 14*+ 14. 

9* 

Transposing, 4* 2 — 9*=28. Dividing by 4, * 2 — — =7. 

. 9* 81 81 529 
Completing the square,* — -j +64 = 7 + g4="g^ 4 

9 23 9 + 23 7 

Extracting the root, *— g SB ±"g •*• — g — =4 or — 

(14.) * 2 — 4a*= — 7a 2 . Completing the square, 
* 2 — 4a* + 4a 2 = — 3a 2 . 
Extracting the root, * — 2a=a A / — 3 .*. *=(2+ V — 3)a. 

10 14—2* 22 AT u . i • i 2 
(15.) — - a — =-x-- Multiplying by * 2 , 

v ' * x" y 

22^ 

10*-14 + 2*=-g— 

22.T 2 . . 9 

Transposing, -y — 12*= — 14. Multiplying by gg. 

54 63 
* 2 — yy*= — — . Completing the square, 

X \\*^\\\) \\\) 11 121 

27 6 27 + 6 21 

Extracting the root, ^ — Yi = ±TT * * X ~ 11 =3 or IT" 

(16.) * + V(5*+10) = 8. Transposing, V(px+ 10) = 8-*. 

Squaring, 5* + 1 0 = 64 — 1 6* + * 2 . Transposing, 

* 2 — 21*=— 54. Completing the square, 

/21V 441 225 
* 2 -21*+(jj*=- T --54=- 5 -- 

. , 21 15 21 + 15 

Extracting the root, *— + Y ''' x= — 2* — = or 3 * 
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3* + 4 30—2* 7*— 14 7 
(17.) — ~ 5 — — - 6 = — Yq — • Adding ^ to each side, 

3*+ 11 30—2* 7a? 
5 ~~ *— 6 ~~To* 

6* 

Or, subtracting 

U 30— 2* x 
5 ~~ *-6 ~10' 
Multiplying by 10(*-6), 22*— 132— 30O + 20*=* 2 -6*. 

Transposing, x 2 — 48*= — 432. 
Completing the square, * 2 - 48* + 24 2 = 576 - 432= 144. 
Extracting the root, *-24= + 12 *=24 + 12=36 or 12. 

(18.) *+ //(10* + 6) = 9. Transposing, V(lOx+ 6) = 9-*. 
Squaring, 10*+6=81- 18* + * 2 . 
Transposing, * 2 — 28*= — 75. 
Completing the square, x 2 - 28*+ 14 2 = 196 — 75 = 121. 
Extracting the root, *- 14= + 11 .-. *=14±11 = 25 or 3. 

(19.) (* + 2) 2 =2* 2 + 8; that is,* 2 + 4* + 4 = 2*3 + 8. 
Transposing, * 2 - 4*+4=0; that is, (*— 2) 2 =0 .'. *-2=0 

•". *— 2. 

(20.) —3- — y-=-. Multiplying by 6*, 

2* 2 + 44*-27* 2 +18*=24. Transposing, 25*-- 62*= -24. 
~ 62 24 ' 

Dividing by 25, '^j^^ — 25* Com P letin & tne square, 

0 _62 /31\ 2 __£61 24_361 
25* r + V2o/ -625"25~625* 

*. a * 31 19 31 + 19 12 

Extracting the root, *-—= + - ... r= _=^__. 2 0 r 2 y 

,91 \ 2* 3*-16 4*- 3 2* 18 * 8 4*-3 
k } 9 Z ~ 18 ~4* + 3' or "9-9 = 6-§-4*T3* 

2,r 10 * 4x 3 

Transposing, — ^ — = 6~4*~+3' Multi P 1 y in fiT b y 18(4* + 3), 

2(2*- 1 0y4* + 3) = 3*(4* + 3) - 1 8(4*- 3) ; 
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that is, 16^-68*-60=12* 2 + 9.r-72.r+54. 

o 5 5 7 

Transposing, 4.r 2 — 5.r= 114. Dividing by 4, x~ — ^="2' 

0 5 /5\ 57 25 1849 
Completing the square, or— ^ + ( g ) "^""'"S 2 == ~8 2 ~* 

, 5 43 5±43 „ 

Extracting the root, x — g=±-g- — g — =6 or — 4J. 

(22.) -— — ^— = 2^- Clearing fractions, 

9(j--7)(*-3)-9(*+5)(* + 4) = 25(tf + 5)(*-7); that is, 

9(* 2 -10tf + 21-^-9*-20) = 25(^---2tf--35), 

or 9(1 — 19j , ) = 25(j: 2 — 2jt— 35). 

Transposing, 25^+ 121*= 884. Dividing by 25, 

0 121 884 n , 

— x= — _ . Completing the square, 

25 25 
121 /121\ 2 __884 14641 103041 
* + 25 * + V 50 / " 25 + 50 2 - 50 2 * 
Extracting the root, 

121 321 -121 + 321 A 21 
^ + -50 = ± 50T - *= 50— = 4 ° r ~ 8 25' 

(23.) x*-(a + b)x + ab=0 .\ x 2 -(a + b)x=—ab. 

(a + 5) 2 (a— b) 2 

Completing the square, jr 2 — (a + fl)*H - — — — 

Extracting the root, 

a + b a—b a + b±(a—b) 

£ 2 = i 2 ''' x= 2 =a or b ' 

Note. — As observed in the Note at p. 56, we can always 
pronounce at once on the roots of an equation, whenever the 
simple factors of the first member, equated to zero, are known. 
It is obvious, that in the present example the factors of 
or 2 — (a + b)x + ab are (x— d)(x— b), so that the roots are at 
once seen to be x=a and x=£. The sum of the roots, with 
changed signs, is always equal to the coefficient of x f and their 
product equal to the third term. (See Algebra, p. 66). 

Many quadratics may be solved at sight by means of this 
principle. Thus: ex. 1, p. 73, Algebra, is x 2 — 8x— 9=0, 
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where it is immediately seen that — 8= — 9-f lj and that 
— 9 = — 9x 1 : hence, changing the signs of —9 and 1, the 
roots are x=9 and jt= — 1. Again : ex. 3 is x 2 —3x—\0=0, 
where —3= - 5 + 2, and — 10= — 5 x 2 : therefore, the roots 
are x=5, and *=— 2, and so in other instances. 

(24.) 4* + 4,v/(* + 2) = 7 4V (* + 2) = 7- 4x. 
Squaring, 16(^ + 2) = (7 -4a:) 2 .-. 16* + 32=49-56* + 16* 2 

16*2-72*=-17. 

9 17 

Dividing by 16, x 2 — -^x = ~~q 

9 81 81 17 64 
Completing the square, #~ — -.r +— = j-g— — =— • 

9 8 9 + 8 

Extracting the root, x —~^= +^ .\ *= ^ —4\ or 

x — 9 

(25.) *=;^g+15: that is, *=**— 3 + 15 /. x— **=12 

49 

Completing the square, *— ^ + ^= 12£=-^-- 
Extracting the root, 

**— i=±9 .-. ^ = -^-=—3 or 4 *=9 or 16. 

(26.) x /( J? + 6 ) + \/^ + 3 ) = 3 ^. 
Squaring, * + 6 + 2 a/(*+6)(* + 3) + * + 3 = 9*. 
Transposing, 2>/(* + 6)(* + 3) = 7*— 9. Squaring, 
4(* + 6)(* + 3) = (7*-9) 2 ; that is, 4(* 2 + 9*+18) = 
49*2— 126* + 81. Transposing, 45-r 2 - 162*= — 9. 

18 

Dividing by 45, * 2 — —*=—!-. 

0 18 81 81 1 76 
Completing the square, x 2 — y ^ + 25 = 25"~5 == "P* 

9 /76 9+V76 
Extracting the root, *— £= a / y 2 .-. *=-=y 

,/(4* + 20) 4-v^ ™ 
(27.) - 

~ \/x ' Clearing fractions, 
N /(4* 2 +20^)=16-«. 
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Squaring, 4^ + 20*=256 -32* + .r 2 3** + 52* = 256. 

52 256 

Dividing by 3, x~ + —x=—. Completing the square, 



52 /26\ 2 _256 

** + 3 r+ V3/ ~ 3 + 9 ~" 9 

Extracting the root, 

26 38 —26 + 38 64 
* + y=±"3 3 =4 or — 

(28.) >/r+2 = S(7 + 2x). Squaring, x + 4^/* + 4 = 7 + 2x. 
Transposing, 4 v /.r=,r + 3. Squaring, I6x=x 2 + 6x+ 9. 
Transposing, x 2 — 10j = — 9. Completing the square, 

,r 2 -10x + 25 = 16. 
Extracting the root, x — 5 = +4 .*. j:=5 + 4 = 9 or 1. 

( 29 0 ^7+^7- = 2 i- Clearing fractions, 

6x* + 6(x+\y~ = \3x(x+l); 
that is, 6x* + 6x 2 + 12a:+6=13jr+ \3x. Transposing, 

25 

x~+x=6. Completing the square, x 2 + x + $= 

1 5 -1+5 
Extracting the root, x-\-^=+-^ •'• x=z — % — =2 or ~ 3, 

4.T 3 x 33 
(30.) ^=g+ll.\4x 2 =x + 33/.4* 2 -*=33.\a: 2 -ix= — • 

1 33 1 529 
Completing the square, • r ~ — 4* + ^= 4; + 64~~64 ' 

23 1+23 
Extracting the root, x — |=+-g — g — =3 or — 2J. 

(31.) \/(x— -a) -\-\/(x-\-b) = 2y/x. Squaring, 
•r — a + 2yj(x— a)(x + b) +x + b=4x. Transposing, 
2 s /(x-a)(x-{-b)=z2x^a'-b. Squaring, 4(x-a)(x + b) = 
(2,r + a-£) 2 ,\ 4(6-a).r— 4a&=4(a-tyr+(a-£) 2 
^Transposing, 8(b—a)x= (a—b) 2 + 4a6= (a + £) 3 

(fl + 6) 2 
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(32) V(* 2 * + *> = g -y*. Clearing fractions, 

x /(a 2 x 2 + ^) = a 2 -^. Squaring, a^-\ bx=a*-2a 2 x+x> 

Transposing, (a 3 — l)^ 2 -}- (2a 2 + 0),r=a 4 . Dividing by a 2 — 1, 

2a 2 -f 6 " a 4 ^ , A , 
.^2 + q ^ j>— . Completing the square, 

a" — 1 a — 1 

„ 2a 2 + & / 2a 2 +& V 4a 4 (a 2 -l) + (2a 2 + &) 2 

^"^^'H^^ ~ 4(a^l) 2 

2a 2 4- & x /( 4a 6 +4a 2 6-h & 2 ) 
Extracting the root, x + 2 (a 2 — 1)~ 2 (a 2 — 1) 

- (2a 2 + *) + \/( 4a6 + 4fl2 * + **) 
2(a 2 -l) 

.r + 4 4,r + 7 7-# , 3*+12-4,r-7 7-* 
(33.) — — ^-=^-1 or g =^- 1; 

thatis,^=^|-l. Clearing, (5-*)(*- 3) = 

63-9^-9x + 27. 
that is, — **+ 8.r-15 = 90-18,r .\ ,r 2 -26,r= - 105. 
Completing the square, a? 2 -26.r+ 13 2 =169-105 = 64. 
Extracting the root, x— 13= + 8 x=13±8 = 21 or 5. 

12a 

(34.) ^/(5a^-x)+V(5a-x) 

~" V (5a + ^) ' Clearing, 
5a + .r + V(25a 2 — * 2 ) = 12a. Transposing, 
y/(25a*—x*) = 7a-*. Squaring, 25a 2 49a 2 — Ma.r-f* 2 . 
Transposing, 2a: 2 — 14a,r= — 24a 2 .\ x 2 — 7a,r= — 12a 2 . 

49a 2 49a 2 _ a 4 
Completing the square, x 2 —7ax + =-^— — 12a- = 

7a a 7a+a 
Extracting the root, x— = ±3 •'• — 2~" = or 3a * 

(35.) a 4 — 8.r 2 = 9or x 4 — 8x 2 — 9=0. Here it is obvious that 
_8=— 9 + 1, and that— 9= — 9x1: hence (Note, p. 60), 
,r 2 =9 or —1 x=±S or >/— 1. 

Otherwise. — Completing the square, a? 4 — 8*r 2 + 16=25. 
Extracting the root, a: 2 — 4= + 5 .r 2 =4 + 5=9 or —1 

,\ *=± 3 or V-l. 
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(36.) 4,^=32. Completing the square, 
x t— 4^ + 4 = 36. Extracting the root, 
^—2= ±6 .\> 3 =2±6=8 or —4 .\ x=2 or ^-4. 

nx + b na + b 0 (tu'-|-&) 2 (na + b) 2 

< 37 -> VF=V7- Squanng,L__^ = ^_i. 

a(nx + b) 2 =.(na + b) 2 x ; 

that is, crw 2 ^ + 2fl5»j7 + a£ 2 = (a 2 n 2 -f 2a£/i + i 2 ) x. 

Transposing, an 2 x 2 — (a 2 n 2 + b 2 )x= — ab 2 . Dividing hy an 2 , 

aV + fl 3 b 2 „ , . 
j.2 _ — x — Completing the square, 

an 2, n* 

a 2 n 2 + b 2 / a 2 n 2 + b 2 \ 2 / a 2 n 2 + b 2 \ 2 b 2 / a' 2 n 2 -b 2 \ 2 

an 2 *+\ 2an 2 / "\ 2 «»' J / » 2 \ ^an 2 )' 

a 2 n 2 + b 2 a 2 n 2 —b 2 
Extracting the root, x- ^ =± ^ 

a 2 n 2 + b 2 ±(a 2 n 2 -b 2 ) b 2 
- *= 2a^ = a or 5?" 

Note. — If in the given equation a be put for x, the equation 
will be satisfied : hence, x=a is one of the roots. Conse- 
quently, if the equation be freed from radicals, and all the 
terms be brought to one side, that side will be divisible by 
c, and the quotient, equated to 0, will give the other root 
(see Note, p. 10) ; or, more simply, if the third term, after 
rendering the coefficient of x 2 unity, be divided by a, the 
quotient will be the other root. As shown above, this third 

b 2 b 2 
term will be : hence the other root is — -, as confirmed by 
n- an 2 

the more lengthy operation above. 

(38.) * 4 — 2^=3, or x 4 -2x 2 -3=0. Here it is easy to 
see that — 2=— 3 + 1, and that — 3=— 3x 1 : hence (Note, 
p. 10), ,r 2 =3, or —1 .-. ^3, or ^Z— 1. 

Otherwise.— -Completing the square, x A — 2x 2 + 1=4. 

Extracting the root, x 2 — l = + 2 .*. x 2 = 1 + 2=3 or — 1 

,\ x=s/3, or a/— 1. 

(39.) * K /(4a + x) + ^(a + x) = 2 s /(2a + x). 
Squaring, 4a + x + 2 \/(4a + x) (a + x) + a + x= Sa + 4x. 
Transposing, 2 a/ (4a + x) (a + x) = 2x + 3a. 
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Squaring, 4(,r 2 + 5o* + 4a 2 ) =4* 2 + 1 2a* + 9a". 
Transposing, 8a,r=--7a 2 #= — Ja. 

(40.) ^-^=56. 

I 225 
Completing the square, x*—x + ±=56}=—^- 

i 15 | 1 + 15 ft 

Extracting the root, .r -i=±y .\ x = = 8, or -7 

.-. ^=64, or 49 .\ *=4, or #49. 

(41 .) *+5= s/{x + 5) + 6. Transposing, (* + 5) - (* + 5)*= 6. 

25 

Completing the square, (,r + 5)~ (j? + 5) i + i=6i=-^-- 

1 + 5 

Extracting the root, (.r + 5)*— i=±| .\ (* + 5)»=— g- 
= 3 or —2 #+5=9 or 4 .\ o?=4 or — 1. 

I (42.) V(2^+1)+2^=^^ T) - 

Clearing, 2,r+ 1 + 2^/(2^ + ^=21. 
Transposing, 2^/(2**+*) ==20 -2* ,\ V f (2« 3 +*> SSi10 ^*' 
Squaring, 2^+^=100-20^ + ^. 
Transposing, .r 2 +21#=100. 

/21\ 2 841 

Completing the square, ,r- + 21x + ( I • 

Extracting the root, 

21 29 -21 + 29 
x+ 2"=±y •*• *= 1~~ ' or ~~ 2 °* 

. (43.) ** + 20^=69. 
Completing the square, * 6 + 20* 3 + 100=169. 
Extracting the root, + 10= ±13.\j?= — 10+ 13=3 or— 23 

♦ .-. *=#3, or #-23. 

(44.) ^So+^fe-V*- Clearing fractions. 

(a + *) S + (a-a:) 2 = 2(a 2 -^) V«- 
Squaring, (a + tf) 3 + 2(a 2 -* 2 )^(a-*) s =4a(a 2 -tf 2 ) ; 
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that is, 2o* + 6ax 2 + 2(a 2 -x 2 )*=4o3-4ax 3 

3 

.*. (a 2 — x 2 ) 2 = a 3 — Sax 2 . 
Squaring, (a 2 -^) 3 =a 6 ~ 10a 4 x 2 + 25a 8 * 4 ; 
that is, a 6 -3aV + 3aV-a- 6 =a 6 -10a 4 a: 2 + 25aV. 
Transposing, x 6 + 22fl 2 x 4 -7aV=0 .\ x 4 + 22a 2 x 2 =7o 4 
Completing the square, x 4 + 22a 2 x 2 + 121a 4 =128a 4 . 
Extracting the root, x 2 * lla 2 =a 2 V(64 X 2) = 8aV2 
x 2 =a 2 (8 N /2-ll) .\ j?= ±11^(8^2- U). 

(45.) v(i-l) = V(^-* 2 )- 

Squaring, ar(^ — \J=jr—b 2 , or ax— x^x 2 — 6 2 . 

_ a a 2 
Transposing, and dividing by 2, x — 

a a 2 a 2 + 8fl 2 
Completing the square, x 2 —-x-f jg= — ^— • 

« Vta 2 -^ 2 ) 
Extracting the root, x— -= ~ 

Transposing, *=i{a± >/(a 2 -f 8a 2 )}. 

(46.) (a + l)(x-l) 2 =2(x 2 +l); 
that is, (a-fl)x 2 — 2(a-f l)x + a+ l = 2x 2 + 2. Transposin 

0 2(a+l) l-a 
(a-l)x2-2(a+l> = l-a .\ x 2 — ^y^x=— j-= - 1. 

Completing the square, 

2(q + n /a+l\ 2 /g+l\ a 4a 
~ a-1 ^^Va-ly/ ""\a-l/ - 1 - (7-1)2* 
Extracting the root, 

q-fl 2y/q 0+2^/0+1 (>vA*±l) 2 

*~ a-1 - # a-1 ' 
Dividing numerator and denominator by \/a+l, we have 

/v/a+l >/a— 1 

*=VCT' or viTi' 

(47.) x 2 -7x + \/(^- 7 ' r + 18 ) = 24. Add 18 to both sides, 
then (x 2 -7x+18) + V(« r2 -" 7jr + 18 )= 4 2. 



r 2 
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Completing the square, 

1 69 

(*2_7* + is) + 7jr+ is) =42^= 

13 

Extracting the root, VC* 2 - 7*+ 18) +|= ±-5 

-14-13 

... ^( X s- 7x + 18) = 1=- =6 or -7. * " 

Squaring, .z 2 — 7,r+ 18=36 or 49 
,\ ^-7x^18 or j? 2 — 7x=31. Completing the square, 

49 121 ' . „ , 49 173 
j: 2 - 7* +-4 =-4-, orr-/x T "4=-4- 

7 11 7 V 173 

Extracting the root, x — 2 = ±~2~' or • r "~2 =_ 2 

7+11 n o 7±y/17 3 
.-. j= ~ =9 or —2; or x= ^ 

f480 @Va=G^-.Q 3 -G)=--- 

/i\i 11 1- 

Completing the square, I - j — y- J + 4=4-0=— J 
Extracting the root, 

(D -.^Bfa ,. (i)' = i±4->. 

Or, multiplying numerator and denominator by 1 + ^/(l —4a). 

(;)= i+vo-*o •'• reversing ^ fractions ' 

1 25 

(49.) 5^+-g7 = 30 .\ 5 2 *-30 . 5*= -125, 

Completing the square, 5 2jr -30 . 5* + 225 = 100. 
Extracting the root, 5*-15 = + 10 .'. 5*= 15 + 10=25 or 5. 
Consequently, x must be either 2 or 1 . 

■ 

(50.) V(«+*)+V(«-*)=^5j+^- 



4a 

t— • 
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Multiplying by \J(a + x) t 

a+x+ V(a 2 -x' J )=b ,\ s/(a 2 —a?)=b—a—x. 

Squaring, a 2 — x~=(b — a) 2 — 2(6 — fl)i-|-i 3 . 

Transposing, 2a: 2 — 2(b — a)x—2ab — b~. 
Dividing by 2, and completing the square, 

/b-a\ 2 (b—a)' 2 + 4ab-2b 2 a 2 + 2a&-£ 2 
3*~(b-a)x+\--£- j = 4 = 4 

Extracting the root, 

b-a ^(tf + Zab-lr) , , , a , JO 

or 2"=— g -s.*=\{b-a±^(a* + <lab--V)} t 

(51.) ( r 2 -2^+6 A /(^-2x-h5) = ll. Add 5 to each side, 

then (jr-2,r + 5) + 6 v /(a: 2 -22 J-5) = 16. 

Completing the square, 

(a- 2 - 2x + 5) + 6 W - 2* + 5) + 9 = 25 . 

Extracting the root, 

V(x°-2x + 5) + 3=±5 .'. VO* 2 — 2*+5) = 2 or -8. 
Squaring, a: 2 — 2a: + 5=4, or a: 2 —2* + 5 = 64 

.'. a: 2 — 2x= — 1, or a: 2 — 2o:=59. 

Completing the squaie, or — 2a: -f- 1 =0, or x 2 — 2a? + 1 = 60. 
Extracting the root, 

j— 1=0 .% j?=l, or a:— 1=2^/15 .-. o:=l + 2^/15. 

(52.) x 2 (x-l) = 8(a-+2). or ^-x 2 - 8^ - 16=0. This is 
a cubic equation ; but, by means of an algebraical artifice, it 
can be readily solved by quadratics. Instances of reducing 
cubics to quadratics will be found in the Algebra, pp. 69, 73, 
&c. The reduction generally requires some ingenuity, and is 
not to be effected by prescribed rules : the artifice in the 
present example is as follows : — 

From the given equation, a? 3 — (a?-f 4) 2 =0 

Subtract 16a-— 16a? =0 

There remains x(x 2 — 16) -(*• -4) 2 =0 
Hence the equation is the same as 

(x- 4) {x(x + 4) - (x - 4) } = 0. 

And as an expression is rendered 0 by equating either of its 
factors to 0, this equation supplies the two equations, 

a--4=0 and *s + 3o< + 4 = 0. 
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From the first of these, we find that x=4 is one of the values 
of x ; and completing the square in the second, we have 

9 9 7 

. 3 V-7 -3 + V-7 
Extracting the root, x -f -= — ^ — x= 5 

These are the two values of x given in the book; hut, 
oesides these imaginary values, the equation has a real value, 
as shown above ; namely, the value x=4 : this value, substi- 
tuted in the proposed equation, makes each side of it 48. 

(53.) x 4 — 2x i -\-x=a. The solution of this equation, like 
that of the preceding, depends upon an algebraical artifice. 

To the given equation, x 4 — 2x2 + x =a 

Add x^ x~ =0 



There results (x 2 — x) 2 — (x 2 —z) —a. 
For convenience, put y for x 2 — x, then the equation is y 2 —y =fl. 

4a + l 

Completing the square, y 2 — y + i= — ^ — 

» ^ * ^ V(4«+ 1) 1 ±V(4« +1) 
Extracting the root, y— i= g V~ 2 

Consequently, restoring the value of y, 

' l±V(4a + l) 
jr— j? = g * 

, 3 + 2v/(4tf-fl) 
Completing the square, ,r 2 — * + ^ 

Extracting the root, 

i _ y{3±2 x /(4«4-l)} _ l±V{3±2\/(4fl+l)} 
*- a _ 2 *~ 2 

Note. — As the first member of the equation y 2 — y=a is 
the very same in form as the first member of the equation 
just solved, it would have been sufficient, for the solution of 

the latter, if we had merely substituted — == — ^ — — - fora in 
Ihe solution of the former. 

x • x b 

(54.) " / , 



\/x+ V(a — x) Vx—*J(a—x) */* 
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Clearing fractions, 

* V* { — s/ ( a — * } + x s/ x { </* + s/ i a - *) } = * (* - a + ^ 

that is, 2* 2 =2&.r-a& .\ a- 2 -^=--- 

A 2 & 2 -2a& 

Completing the square, x 3 — J,r-f -j = — - — - 

6 V(6 2 -2a6) , 6 + ^-2^) 
Extracting the root, ^= 9 • •*= 7> 

(55.) j" 3 + -~V=2. Multiplying by .r— ~* + 1 = 2**- 

i 1 

Put y for then the equation is - + l = 2y ,\ 2y 2 — y=l 

1 9 

.'. y 2 — |y=i. Completing the square, y-— |y + fg= jg* 

1 + 3 

Extracting the root, y— i=±f y=~^~ =z ^ or 



Restoring the value of y, ar=s 1 or ,r^= — -|- 

1 v^2 #2 

•••*= li=1 or J :=(-i)i=^=i F g= T -. 

(56.) a*-& 2 =* 2 — 2&vV~ ** + * 2 ). 
Transposing, — or— 26 v^a 2 — ax+x 2 ) = — £ 2 . 
Adding a 2 to each side, 

(a 2 -a* + a?) - 2b V(a°~ - ax + *») =a 2 - 6 2 ; 
or, putting y 2 for the first term, y 2 — 2&y = a 2 — b 2 . 
Completing the square, y 2 — 2by -f & 2 =a 2 
Extracting the root, y—b — +a .*. y=& + a. 
Restoring the value of y 2 , 

x 2 -ax + a>=(b±aY~ .'. x*-ax=b 2 ±2ab 

a 2 a* + Sab + 4b' 2 
Completing the square, x~—ax + — = —= — • 

Extracting the root, # — ^= ^ 

a±V(a 2 +8fir6 + 4^) 
*= =| 
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(57.) 9*-3* 2 + 4vV-3.r + 5) = ll. 

4 , 11 
Dividing by -3, or - Sx—^ix 2 — 3* -f 5) = — ^ • 

Adding 5 to each side, (.r 2 — 3a? + 5)— f\/Cr 2 — 3.r + 5) = f • 
or, putting y 2 for the first term, y 2 — fy=f . 
Completing the square, 

„ 4 4 16 2 4 2 + 4 2 

* ~F + 9="9 y-3=±3 - yz= ~ = 2 or -3 
Restoring the value of y 2 , 

4 0 41 
jr— 3*4-5=4, or ^ .'. ar— 3#= — 1, or — -g» 

9 5 83 

Completing the square, or 2 — 3o?+-=-, or — Je' 
Extracting the root, 

3 ^5 V- 83 3 + ^/5 9±-v/-83 
*-2 = ~2~' or_ 6~ 3— > or e 

/ CQ \ A, A V(2<**-* 2 ) y/(2a-j) 

< 58 -) V V « = — ; — = V* ' 

a? 

Multiplying by y/x, y/a + ^^y/^a—x). 

Squaring, a 4- 2jt + — = 2a — *, 
Multiplying by a, and transposing, ,r 2 -f 3aj?=a 2 . 

Completing the square, x~ + 3ax + -£-=;— ^ — 

3a a _ 
Extracting the root, x + — = ±£ ia(34- V13). 

0 1 1 

(59.) a?+-£. + x+-=4. Add 2 to each side, then 

(x 2 -r2 + 4) + (x + i)=6; that is, (x + ]^ + (x+ty = 6. 

25 

Put the first term =y 2 ,\ y 2 -f-y=6 .-. y 2 4-y4-£ = — - 

1 -f5 

Extracting the root, y + i=±-| .-. y = — — = — 3 or 2. 
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Restoring the value of y, x + -= — 3or.r +-=2 

x x 

.'. x 2 + 3x= — 1 or x—2x= — 1 . 

9 5 

Completing squares, # 2 + 3.r + 4 = - or x~— 2x-\- 1 =0. 

_ 3 a/5 

Extracting roots, • r + 2~~2~ **' or x "~ 1 = 0 

-3 + V5 
#= or X—l. 

12 + 8 x* 

(60.) ^r— y _ 5 .-. x 2 — 5x — 8X*— 12 = 0; or putting y for 

y 4 — 5y 2 — 8y — 12 = 0 (A), 

or y 4 - 2y 2 + 4y- 3(y 2 + 4y + 4) =0 ; 
that is, y2( y 2_4) + 2y(y + 2)-3(y + 2) 2 =0. (B) 

This equation is divisible by y + 2 : hence one of the roots of 
(A) is y= —2. Dividing (B) by the factor y + 2, we have 

y 2 (y-2) + 2y-3(y + 2) = 0; 

that is, y3_2y 2 -y-6=0, or y 2 (y_3) + (y 2 -9)-(y-3)=0. 

This equation is divisible by y — 3 : hence another root of (A) 
is y=3. Dividing by the factor y— 3, we have the quadratic 

y 2 +y + 3-l=0.\y 2 +y=-2. 

Completing the square, 

y 2 +y+i=~4 2~ • • y= § 

Restoring the value of y, 

-l + V-7 t 1+2^-7-7 % -3 + y/-7 
a-j— 2 J?— 4 — 2 

And these are the two roots given in the book: but the 
equation has the two additional roots x=(— 2) 2 and ,r=3 2 . 

Note. — Although an equation, like that just solved, may 
have simple integral factors, it is often troublesome to find 
them ; but as the whole number forming the second term of 
every such factor must be a divisor of the whole number 
forming the final term of the equation, we may always find 
that second term by taking for it one or other of the integral 
factors of the final term of the equation. In the present case, 
2 and 3 are the factors of the. final term 12, which will be 
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found to answer, the equation being divisible bv y -f 2 and 
y-3. 

(61.) W+n-VP-Vmrfl^y 

jr 2 

Squaring, 2.T 2 - 2\ / (,r 4 — l) = y4 _ ^ - 
Transposing, 2 v/C* 4 — 1 ) = 2a 2 — ^rz~j • 
Squaring, 4^ 4 — l) = 4jr 4 -^ =: y + (^TTi^ 

Clearing fractions, a 4 — 4,r 4 (,r 4 — 1) = — 4(x 8 — 2a 4 + 1 ) 

2 2 
.\,r 4 + 4 ( r 4 =8.r 4 — 4 .'. 3x 4 =4 .\ ^=^73 *=± > A ^" 3 * 

Note. — Although the double sign is here, and in some 
other places, prefixed to the radical, it is well to apprise the 
learner that this prefix is superfluous, since the radical sign V 
implies that the remit of the operation which it indicates may 
be either + or — , when there is no overruling condition as 
respects the generation of the quantity under it. In such a 
case as \/( — a) 2 , or \/(-\-a) 2 t the result of the operation is, 
of course, unambiguous, it being —a in the former case, and 
-f a in the latter. 

(62.) ^-Gx-4=5 .\ ^-Gx— 9 = 0. 
This may be written thus : (x 3 — 27) — 6( t r— 3) =0 ; 
or (*-3){(ar 2 + 3* + 9)-6}=0. 

And this equation is satisfied for either 

x— 3=0, or jr-f 3x+3=0. 

From the first of these, we infer that one root is x — Z ; tfu 
ether, by transposing, is .r 2 + 3.r= — 3. 

9 3 

Completing the square, jr-f 3*+^= — t« 



3 V-' 3 -3-f v/~ 
Extracting the root, x + 7>~ — - — j?= 

-3 + X/-3 

Hence the roots are 3, or ^ 

K 



3 
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2 13 

(63.) 3.r 2 =--f- — Clearing fractions, 9-r 3 — 13a?— 6=0 
*' x 3 

which may be written thus: x(9ar—4) — 3(3,r + 2) = 0. 

Hence the equation is (3* + 2){*(3j?— 2) — 3}==0. 

which is satisfied for either 3*+ 2=0, or 3x 2 — 2*— 3=0. 

From the first of these, we infer that one root is x= — | 
The other, by transposing and dividing by 3, is t r 2 — f#=l. 

0 2 1 10 
Completing the square, -*r-h • 

1 V10 l±v/ 10 
Extracting the root, 3= ^ x= g 

2 i±V 10 

Hence the roots are — or ^ • 

(64.) ax-\-2 s /(ri 1 x + nax z ) — (Sx-l)n. 
Transposing, 2 \/(rrx -f wo* 2 ) = 3wx — (72 + ax) . 
Squaring, 4nx(n + ax) = 9nV — 6n x(n + or) + (tj + a*) 2 - 
Transposing, (71 -f or) 2 — 1 0«x(n + «*) = — 9nV. 

Dividing by »V. (— ) -10(--)=-9. 

Put y for the second fraction, then y 2 — 10y= — 9 
.\y 2 -10y + 25 = 16. 
Extracting the root, y — 5 = +4 .-. y=l or 9 

n-far 1 a n—a a 9n—a 

.'. — — =1 or 9 .'. -=l~-=— — , or 9—-= — - 
war .r n » w 71 

» n 



x= , or 



n—a* 9n—a 

x 



(65.) 2 tv /(l-,) + l} = &7 

I —(!—*) 

This equation is the same as 2{1 +v(l — .7)} = --^^ 1 ' 

Dividing by 1 + \/(\ — x), 

.\ 2v / (l+^) = 3-V( 1 - j: )- 
Squaring, 4(1 +*) = 9-6 + 1 -a\ 
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Transposing, 6 a/(1 — #) = 6 — ox. 
Squaring, 36(1 -.r) = 36- 60* + 25*2 .\ 25^-24r=0 

_24 

(66.) ( l r-5) 2 ' 1 + 2^»i:=6«+ 1 (2-t-5«- 1 ) + 2(*-^+ 1 . 
Transposing, (*— £) 2 »— b 2n — 2 (*—£){(* — b) n —b u }= 0. 

Here it is plain that (x—b) n —b n is a factor of the equation : 
hence (see Note, p. 10), 

(x—b) n —b n = 0 x—b = b .'. x=2b. 

This, therefore, is one root of the proposed equation. The 
roots which render the other factor zero are not determinable. 

or multiplying by* 2 , (« a -o5) 2 =|(a + AXa 8 ** 2 ). 
a 

Subtract ^(a-\-b)(x 2 — ab) from each side, then 

/a(a + &)\2 f a 1 2 9a 2 

Add(-^ 4 — ; ) ^(a + i)} 

'a(a + 6) 3a 
... *s_ a J— — - — =±~^(a + b) 

*2=ai + ^{0 + &+3(a + $)} = 2a&+a2 or^^ 
.% *=vV+2a&) or /y/^^" 

(68.) * 4 =-l. Add 2* 2 H-1 to each side, then 
* 4 + 2* 2 +l=2* 2 *2+l = v '2.* ,\ * 2 _ >v /2.*= — 1. 
Completing the square, x~—^/2 . * + -£= — l. 
Extracting the root, * — a/— i *= + \/£ + \/— i ; 

that is, *= ^ 

(69.) * 4 »-2* 3 " + * n =6. Put y for *«, then 
y 4_ 2y 3 +y=6 ... y 4_ 2y8=6 _ y . 

e 2 
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Add y 2 to each side, then y 4 — 2y s +y 2 =y 2 — y fG ; 

that is, (y*-y) 2 =(f-y) + 6 .-. (y 9 -y) 2 -(y»-y)=6. 

25 

Completing the square, (y 2 — y) 2 — (y 2 — y) + -4-=-^-' 

Extracting the root, y 2 — y-|=±f y 2 — y=3, or —2. 

13 7 

Completing the square, y 2 — y -f 4 ="4", or — y 

y-i=¥N/13, or jV— 7 y=-J±i\/13, or £±-5V-7 

V'G+VIS), or V(i±W-7). 

(70.) {(*-2) 2 -*} 2 -90+.r==(.r--2) 2 

{(^-2) 2 - < r} 2 -{(,r-2) 2 -^} = 90. 

Put y for (.r— 2) 2 — .r, then the equation is y 2 — y =90. 
Completing the square, 

... (^-2)2-^=10 or -9 .\ (*— 2)*-(*— 2)=12 or ~7. 

49 27 

Completing the square, (x—2) 2 — (x—2) + J — — or 

7 3 
.'. oc-2-\=± 0 or ^-2—1=^—3 

5 + 3v/~3 
x—G, or —1 or g 

(71.) V(l+.r) 2 -v'(l-a 2 )=^(l-. i 2 ). 

. Divide by (^1-*)*, then =(yZ~)^ 
Put this fraction =y, then 

5 14: 
y--y=l ,\y — y + i— 4 y— }=±-JV5 .-. y= — g — 

y WI =y— ==( — I . Then, applying the principle 

established at page 37 of this Key, 

(l±>/5)»— 2" 1 



(l±V 5 ) w + 2' 



(72.) 8* 4 + 4* 3 -16\r 2 + ll,r--2=0. Divide by *+2, the 
quotient will be &T 8 — 12tf s + 6#— I, which is a complete cube, 
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namely, (2x) 3 - 3(2*)* + 3 (2*) - 1 = (2*— 1 ) 3 (see Algebra, p. 
38). Consequently, since the proposed equation is the same 
as (.r + 2)(2.r — 1) 3 =0, it is satisfied by either 

x-f 2=0, or (2x— 1) = 0 — 2 or |. 

(73.) 4*»-20-5(*+|)=-p.-.4(«8+5)-5(*+!)=2« 

Add 4 X 6 to each side in order to make the first term a 
complete square, and there results 



4(*+f)-*(*+!)=44. 



3 5 
Putting y for •*+"» and dividing by 4, y 2 — -jy= 1 1. 

5 25 25 729 

Completing the square, y- --y +^ = 11 

. , 5 27 5+27 11 

Extracting the root, y — g= + ~g- •'• y= — g— =4 or — — 

3 3 11 

.-.* + -=4,or* + -=- T 

.'. 4a = — 3, orx- + -pr= ~3. 

■ 

Completing squares, 

„ 11 /11V 121 71 
**_4*+4=l, or ,H_ r + ^__ 3== __. 

11 V— 71 

Extracting roots, 2= + l, or x-f — = — - — 

a , — 11-4- x/— 71 
.*. x=3 or 1, or g • 

< 74 -> ^ + ^=i(^47- Multil>ly by 4(x " 4)? ' 

, 17 

then 8 + 2(x-4) 2 =17(x-4) .\ (x— 4)~- — (x - 4) = -4. 

Completing the square, 

_ 17 /17\ 2 289 225 

(*_4)*- T (*-4)+( T ) =76-4=^. 

Extracting the root, 

17 15 17 + 15 

x— 4— -£-= + -£- .*. x=4 + — | — =12 or 4£. 
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(75 .) or 4 + 4 a* 3 4- 3a: 2 4- 4a? 4- 1 = 0. This is a reciprocal equa- 
tion (see Appendix to the Algebra, p. 179). Divide by a: 2 , 

4 1 

then ar 2 + 4* + 3+--f- 3 j=0; 

x a> 

that is, Lfl + 4^ +i) + 3=0. 

(1\2 1 1 / 1\2 

/ -( ,r " i '^) 2+4 ( ,r " h ^) == '" 1 ' or y 2 +4^=-i 
r+4y+4=3 y+2=+V 3 y=— 2± >/3 

^+^=-(2-^/3), orx4-^ = ~(2 + V3) 
x* + (2- s /3)x=-l, or ^ 2 +(2 + V 3 )^=-l- 
Completing squares, a; 2 + (2 — ^/ 3)ar -f ( — 2~) = — ~4 

o , , /2 4-V3\ 2 3 + 4^3 
or a: 2 +(2 + V3^ + (— 2— ) = 4 ■ 

Extracting the roots, 

2-v/3 x/CST^^) 2-h^/ 3 V(3±4\/3) 
o-f— — = 2 , or 0-4—2—= 2 

-2±V3± V(3 + 4V3) 
*= 0 

(76.) («»*+ !)(**-- 1) 2 =2(*+1), 

or (a 2m -hl)(o:-2 < v/a'+l) = 2a:-h2 

. • . {a lm -\)x- 2(a 2m 4- 1 ) - (« 2m - 1 ) 

a 2m +l _ 
^—2^2,/, _ 1 — 1- 

Completing the square, 

^ q 2 ™+l /a 2m 4-l \ 2 4a 2 '" 

*— 2 a 2m _ L V* + \^2m _ X J - (fl 2m _ X y2 ' 

a 2m 4- 1 2a" 1 
Extracting the root, V*- fl o„,_ I = 

a 2m^_2a m 4- 1 (a in ±l)*_a m ±\ 



a 2m — 1 



g w » w + 1 /«»» + 1 v- 

a 2 ™— 1 "~"a™+l * = \a»"?X/ 
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(77.)(^-9) 2 -3=110r 2 -2) .\ («>— 9)*—ll(4?-»9)s8. 
Add 11 X 7 to each side, then (^-9) 2 - 1 l(,r 2 -9) = 80 ; 

121 441 

or putting y for x 2 — 9, y 2 — 1 ly = 80 .\ y 2 — 1 ly + == ~4~" 

11 21 11 + 21 

Extracting the root, y — "2" = ±17 y= — g — = 16, or ~ ,f > 

/. a"=25, or 4 .\ ,r=+5, or +2. 

(78.) s/{x + ^(2* - 1)} - *<{.r-V(2*- 1)} = 

3 / \0x 

9 10a: 
Squaring, 2*-2(*-l) = ^ + 

50_ 10a: 

9 x+<s/(?x-\) 
Dividing by 10, and reversing, 

9 x + sf&x-l) 9 V(2x-l) 
5" x J> ~ * 

4 16 

tx=>/(2jt— 1). Squaring, ^x 2 =2x-^ 1 

a 60 25 3 50 y 25\ 2 225 

16 x — 16 * ""le^+Vis/ ""16 2 * 

. , 25 15 254-15 5 5 

Extracting the root, x — — = + — .-. x= — jg — =-, or-- 

( 79 0 TT^lT^f 1 ^ =7~' A PP ! y in ff the P™ciple at p. 37, 
a-r*j{2ax — x~) a — x 

a a 

— 777: sr= fr v/(2ax— jr)=a — 2a\ 

V(2flJ— a-) a — 2a: ^ v 7 

Squaring, 2«r»r— a- 2 =a 2 — 4fla* + 4j: 2 

6 a 2 

.*. 5j 2 — 6ax — —a 2 .*. x 2 - -ax = — -■ 

O D 

6 9 _ 4 _ 
Completing the square, .r~— ^rax -i-^fl" =25"" 

3 2 3 + 2 a 

.'. x — ~a -±~a .'. x=—^~a = a f or 
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(SO.) 



a 2 - 1 8 4 



Clearing fractions, 



t r 4 -18a 2 = 4x-48 
Adding 4.r 2 + 49 =4*2 +49 

* 4 - 14x 2 + 49 =4* 2 + 4x + 1 
that is, (* 2 -7)-=4Cr + i) 2 .-. .r 2 -7 = ±2(*+i). . . . (A) 

.\ ,r 2 -2.r=8 or ar + 2x=6. 
Completing squares, 2,r + 1 = 9 or x 2 + 2.r+ 1 = 7. 
Extracting roots, x — 1 = + 3, or # + 1 = + >/7 
.*. vr=4, or —2, or #= — 1 + sj7. 

Note. — The learner will perceive that we have prefixed the 
double sigu to the right hand member of the equation (A), 
and not to the left. It would have been incorrect to do other- 
wise, for this reason : the square root of (x 2 — 7) 2 is exclusively 
x-— 7, as the correct square root is exhibited by simply ex- 
punging the exponent. In like manner, the correct square 
root of (x + y) 2 is exclusively # + £ : but ^/4 is ambiguously 
+ 2 or — 2, and it is to this square root alone that the double 
sign above applies. Had the 4 presented itself in the example 
under the form 2 2 , or ( — 2) 2 , there would have been no ambi- 
guity as to the sign of the root : in the first case it would 



by (.r-4)*0r-4)*, 

then .r 2 -16 + (x~— 1 6)*= 1 2, or y 2 +y = 1 2, 

by putting a"— 16=jr 

49 7 
... y s +y+i= 4- y + i = ±§ •'• y=3, or=-4 

.-.^=^-16=9 or 16 .r= + 5, or *J(\6 X 2)=4 v /2. 

(82.) (x+119) i +(70-*)i=9. Cubing each side (see 
p. 38, Algebra), 

( x + 1 1 9) + (70 -*) + 3 X 9(* + 1 19)4(70 -*)*= 9 3 ; 

that is, 1 89 + 3 x 9 { (x + 1 1 9) (70 - x) } » = 9\ 





Multiply by a — 4; that is, 
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Dividing by 3x9, 7 + {(*+U9)(70 27 
(.r+119)(70-.r) = 20 3 =8000; 
that is, * 2 + 49<r-8330=-8000 ,\ x 2 + 49.r=330. 
Completing the square, 



.r 2 +49.r + 



/49\2 2401 37*21 

(a)= 880 +— =— ■ 



Extracting the root, 

49 61 —494-61 
x+~2=± y .". x= # — = 6, or —55. 

(83.) x 4 4-Jr s -4 < r 2 -f *+ 1=0. This is solved like example 
75 : thus — 

Divide by x~, then x 2 + x- 4 + ~ + ~2 = °; 

that is, (*» + + ^)-4 = 0 

Add 2 to each side, and transpose, 

(*+l)*+( x +x)= 6 > or r+y= 6 

. 25 5 

y 2 +y+*=^ y+£=±2 y=2, or -3 

1 1 

.*. -=2, or^r + -= — 3 
x x 

.*. cT 2 -2jt= — 1, or * 2 + 3,r=-l. 

9 5 

Completing squares, x* — 2.r + 1 = 0, or x 2 + Sx -f 4 = - • 

_ , 3 yjb 

Extracting roots, x - 1 =0, or x + 5= + -y" 

-3 + v/5 
a = 1, or x= ^ • 

(84.) 2x 2 ^ s /(x 2 + 9)=x i -9. Subtract x* from each side, 
then x* + s /(x°~ + 9)=x 4 ~(x~ + 9). 
Dividing each side by the first member, then 

1 = j 2 - S(x* + 9) . • . x 2 + 9 = (* 2 - 1 )*=x 4 - 2.r 2 + 1 



o 9 41 



e 5 
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3+ a/41 



or— 2 . .x—/^- 



2 



These values of a? satisfy the equation after the division of it 
by the factor ar + + 9). Equating this to zero, to get 
the other values, we have 

* 2 + v /(x 2 + 9)=0 .\ ^=0^ + 9 x 4 -,r 2 =9 

(85.) (a+^)v/(« 2 +^) = 6(a-^) 2 
Squaring, (a + x) 2 (a 2 + ^) = 36(a-a0 4 ; 
that is, a 4 +2a 8 * + 2a 2 ,r 2 -f 20.^ + ,r 4 = 
36a 4 - 1 44^ + 2 1 6a V — 1 44a* 3 + 36^. 
Tranposing, 3 5.r 4 - 1460,2* + 214aV-146o 3 j:+ 35a 4 =0 ; 
or 35 Or 4 + a 4 ) — 1 4 6a (a* + c 2 *) + 2 1 4a 2 . r 2 = 0. 
Dividing by x 2 , 

35^ 2 + 146a(.r + ^) + 214a 2 =0. 
Adding 35 X 2a 2 to each side, and remembering that 

35 ( tT + 1 4 6fl ( a ' + ~) + 214fl2 = 70fl2 ! 

146a 144* 2 

or 35y 2 - 146ay= — 144a 2 .\ y-—^-y = — — ^ — 

Completing the square, 

2 146a /73a\ 2 5329a 2 144a 2 289a 2 

Extracting the root, 

73a 17a 730+ 170 18a 8a 

y-" 35"= ±"35 35 _ - 7 ,0F 5 

a 2 18a a 2 8a 

.-.* + 7 =— or* + j= T 

.'. — a-, or ar— a\ 
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Completing squares, 

a 18a 81a 2 32a 2 B 8a 16a 2 9a 2 
*" " ~T X + "49" = ~49~' + ~25 =-25' 

Extracting roots, 

9a k/(\6x2) 4a 3 . 

*— y= ± 7 a ' or *T = 5 a V — 1 

9 + 4k/2 4 + 3V— L 
.*. x=~=-j a, or j?= 7 a - 

(86.) (* + 3) 2 -2(^ + 3) = 2.r(,r+l) 2 
Transposing, Cr + 3) 2 =2{(.r 2 + 3) +*(* + I) 2 } 
= 2{x 3 + 3a: 2 +x+3}=2{x 2 (x + 3) + (^+3)}. 
Dividing by *+3, .r + 3 = 2,r 2 + 2 .\ 2x 2 -x=l 

o 1 1 o 1 19 

O O i 

2 2* 2 + 16~16 
L 3 1+3 

And equating the factor ,r + 3 to zero, we have also x= — 3. 

< 87; > TO^ + rai =1 T> that is, 
Clearing fractions, 8(.r-3) + 8(j? + 4) = 9(jf + 4)(a« — 3) ; 
that is, 16^ + 8=9(^4-^-12) 9,r 2 -7,r=116 
S Z o 7 /7\ 2 116 49 4225 

^- 9 ^— 9 ^ + ^18^ — 9 + i8-'~ 18 2 ' 

Extracting the root, 

7 65 7 + 65 2 

*~ T8=±l8 X= "T8~= 4 ' or ~ 3 9' 

(88.) ^-3x 4 -9^ + 21* 2 --10.r + 24=0. Divide by a: 2 + 1 , 
the quotient is .r 3 — 3a: 2 — 10,r + 24, which may be put in the 
following form : namely, 

ir ( ir 2_4i + 4) + (^_ 14*+ 14); 

that is, o:(x-2) 2 + (j:-2)(x-12). 
or (.r— 2){j-(j--2) + (x— 12)}, 

or (*-2){,r 2 -.r-12}. 

Hence the proposed equation is the same as 
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(* 2 + l)Cr-2)0r--.r--12)=O, 

which is satisfied for cither 

^+1=0, j:-2=0, or J 1 " — x — 12=0. 

Taking the last equation, we have 

49 7 
u- — *r=12 x 2 — a--f- -J=— .• ^— }=±2 •'• *— w — 0 

The other two equations give tf= + — 1, and .r=2. 

x*+l 1 *-I 



° r G 4 ""r)~^( v/X "^) =41 



Subtract 2 from each side, then 

(v/'-^i) - 75(^-7i)=21. or jr"-^ =y- 

Completing the square, 

J_ J 49 _J _7_ 4^ --3 

^~7"o y+ 20~20 •'• y~2 v /5'- ± 2 v /5 " *~ V* ° r 

1 16 19 

.-. — — 1, or .r 3 — Tia-1, 

o 5 

Completing squares, 

26 /13\2 144 19 19\ 2 261 

13 12 19 3^29 

Extracting roots, — = + y , or j* — — = +— — 

19 + 3^29 
.-. x= j, or j, or 

(90.) 16(^H2) 3 + ^- ( J-_^ = 32^ + 48; 
Add 1 6 to both sides, then 

16(j? + S) +^7-^+16 = 32(^ + 2). 



o 



Tut (x 2 + 2) i =y, then 16y 3 + - + 16=32y 2 
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•\ l6y 4 -32y 3 +16y + 3=0. . .. (1). 
Divide by 2y-3 .\ 8y 3 -4y-'-6y-l=0. 
Divide this by 2y+l .\ 4y 2 — 4y-l = 0. 
Hence the equation (1) is the same as 

(2y-3)(2y-f l)(4y*-4y--l)=0; 
which is satisfied for either 

2y— 3=0, 2y+l=0, or 4y 2 -4y-l=0. 
The two former give y=^, and y=— *• From the third, 

y*-y = i/.y2_y + }=|/.y-i=^ y = ^^. 

9 1 3+ v'2 

Consequently, x--f2=j, or x' 2 + 2—-, or x 2 -|- 2 = -^ — 

11 V~7 ~5± v /2 
a=V4 = ±2» °r*=— 2~,or^= ^ 

The first of these is the only value of x given in the book. 

(91.) ***»— (1=^+1. Transposing, 1 =a(l +~) 

.-. x m (x 2m -l)=:a(x m +l) ,\ l)=aj 
that is, .r 2wi — x m =a ,\ x 2 " 1 — .r m + |=a + | 

(92.) S^-flOx 2 * 24* + 5=0. Dividing by x-5, we 
have **— 3x 7 — 5«r— 1=0; 

that is, — 3*(jr+l)--2Gr+l)==0. 

Dividing this by 

^-a-+l-3^-2=0 .-. x 2 -42'-l=0. 
Consequently the equation is the same as 

(*-5)Cr-f \)(x*-4x-\)=0 t 
which is satisfied for either 

,t — 5 = 0, or x + 1 = 0, or x 2 — 4x— 1 =0. 
The first two give ,r=5, x= — 1 ; and from the third, 
^-4.i=l .*. a< 2 -4.r + 4=5 x~2=^/5 .r=2± v'o. 

\-\-x% 1 x-t-v' 2 * 

(J+^ = > ; that is ' TT+^r) 2 =* 
•\ 3(i-*+x 2 )=l+2.r+* 2 
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2x 2 —5x=-2 **—|r=s--l 

2 5 5_ 3 _ 

x ~2' r+ 16""16 * ' *~~i~~—4 ' ' Jr "" 2, 0r *' 

Or-a) 2 « 2 
(94.) + 2(x— a) = ^+ 1. Multiplying by 

(a:— a) 2 + 2(x— a) \/« r=fl2 + \/ tr ' Add 47 *° eacn s ^ e » 
(a:— a) 2 -f2(a:— a) */x + x=a?+ ^/x + x ; 

that is, (or— a + y/x) 2 =a 2 + x + */x. Put ,r-f >^/,r=y, then 

(y — a) 2 =y 4-a 2 .*. y 2 — 2ay=y y — 2a=l .*. y=2a-f 1 

.-. *={-i±\/( 2 «+i)}~; 

that is, ,r=2« + f-± ,/(2a + £). 

(95.) V( , 2 _ 1)+ ^-^ = -i^_i. Multiply the 

terms of the first fraction by \/(x— 1), and those of the 
second by \/(x-\-\), then 

✓(*g-l) + _^1JL, clearing fractions, 

1) \J(x"— 1) 

9 17 

3 x/17 
• • x 2~~ 2 ' ' 2 

(96.) (l+r , )(l+a: 2 )(l4-^) = 30^. By actually performing 
the multiplications, and transposing, we have the reciprocal 
equation 

^ + ir 5 +<r 4_28^+o: 2 + x-f 1=0 
. • . (x 6 + 1 ) + (.r 5 + x) + Or 4 + * 2 ) = 28^. Divide by ,r 3 , 

(* a + ?)+(* 2 + ?)+(*+j)=28. Add 2, 

,.(^ + ^) + (^i) 2 + (r + ^) = 30, 
(, + i){(. 2 -l4.^) + (, + i) + l}=30 ; 



or 
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that is, (x+j) { (*+|) } =30. 

by adding and subtracting 3. 

Now it is seen at a glance tbat this equation is satisfied for 

1 n 9 5 

* + -=3 .\ x~-3x=-l .\* 2 -3* + -j=j 
x 4 4 

3_>/5 3+ V5 

2 2 ' 

These are the values of * given in the book. To find the 

other values, put x + - =y; then, dividing 

x 

y 3 +y' J — 2y — 30 by y — 3, we have for quotient 
y 2 + 4y+10=:0 .-.y 2 + 4y=-10 
.\ y 2 + 4y + 4=- 6 .\ y+ 2=^—6 . # . y=-2± v /-6 
1 

,\ x+- = — 2± V- 6 .\* 2 +(2+*/— 6)*= — 1 

,. ^( 2 + V-6)x + ^^=^±|^ 

2+>v/-G /-3 + 2v/-6 
.*. x 4~ — 



2 2 

-2±V— 6 /-3 + 2V-6 



* 4 17* 3 

(97.) "2+— -17*=8. Multiplying by 2, 

„ 17a? 8 , 17* 3 

x*+ — - 34*= 16 * 4 +-2-=34,r+ 16; 

17* /17*\ 2 
that is, a^-f "2"* 2 =34*-f 16. Addl-r- ) to each side, then 

17* , /17*V /17*V 

**+-T*+\-r) =\t) + 34 *+ 16 - 

Extracting the square root of each side, 

17* /17* \ n 17* 

^ + _ = ± ^_ + 4 j .-.* 2 =4, or *H-2"=-4. 

From the first of these, we have *= + 2. From the second, 
we have, by completing the square, 
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, 17* /17\- 289 225 



Extracting the root, 

17 15 -174-15 
x + -j = ±— .\ «r= —-=-8, or — J-. 

These are the values given in the book. The other two values 
are x= +2. 

(98.) ^V-23) = 10*(o: 2 -24) + C49 
,\ ,r 4 -10,r 3 -23,r 2 + 240.r- 649=0. 
Extract the square root of the first member : thus, 

**-10^-23* 2 +240*-649(.r 2 --5tt<-24 

-10irH25* 2 

2^-10,-24) I^ +240x _ 649 

-48,r 2 + 240,r + 576 

-1225=-35 2 . 

Consequently, if 35 2 had been added, the first member of 
the equation would have been a complete square; namely, 
(x 2 — 5x— 24) 2 ; therefore, the equation is the same as 

(**-&r-24) 2 — 35*, 
or {(.r 2 -5tf-24)+35}{(.r 2 -5.r-24)— 35} =0, 

which is satisfied for either 

a--5x+ll=0, or x 2 -5x-59=0 
.\ or — 5.r= — 11, or a 2 — 5.r=59. 

Completing squares, 

25 19 25 261 

x~-bx + — = -—, or 5x + -4 =-4- 

5 5-t>/-19 5 3 A /29 

Extracting the roots, x—^=— — 5 , ovx—~= + — - — 

10 + >/-19 5±3v/29 
•"• 2 3 orx — 2 

The second pair of values are those given in the book. 
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l+X 3 1 X s 

("^ (l+x)* * (l—x) 6 ~ a ' Clearing fractions, 
( I -.r) 3 (l + J 3 ) + (1 + -x*)=a(l -a: 2 )", 

or o+^) 3 +(l~^) 3 ^{(l+^) 3 -(l~^) 3 }=fl(l-^) : '; 

that is, 2 + 6x*-r\6x +2*»):=ii(l-**) 8 
or -2(1 + 3x--3,r 4 --,r 6 ) = 2{(l--.r 6 ) + 3^(1 -jr 8 )} =fl(i-.i-) : '. 
J)ividing by 1 — jr, 

2{(i+x 2 + j7 4 ) + 3x 2 }=2(l+4^ 2 + r 1 )=«(l -.r 2 ) 2 ; 
that is, 2(l+4a- + x 4 )=a(l-2x 2 + .r 4 ) 

2(a + 4) 

.\ (0-2)^-2(0 +4)^=2-0 x 4 

Completing the square, 

2(q + 4) 0 /fl + 4\8 /a + 4\ 2 ,12(a+l) 
1 " a-2 ^+\ a -2j -\a-2/ "(n-2^ ' 

[extracting the root, 

3 q+4 2 v /{3(a + l)} f g+ 4 + V{3(g+ 1 )} 1 jj 

l " a-2— a— 2 *— \ a _ 2 i 

Note. — This example may be treated a little differently by 
simplifying the fractions at the outset ; that is, by expunging 
the factor 1 + x from the terms of the first, and the factor 
1 —x from the terms of the second fraction. 

(100.) *+ 7^=22, or putting y for y 3 + 7y=2:?, 

which equation is obviously satisfied fory=2 : hence, dividing 
y 3 + 7y — 22 by y — 2, we have for quotient 

y 2 + 2y+ll=0 .\ y 2 + 2y=-ll ... y2 + 2y + 1 = - 10 
* .'.y+l = \/-10.\y=-l + V—\0.'.x={-\± s /-\Q}\ 

The other value of x, derived from the equation y — 2 = 0, is 
x= ^2. 

(ioi.) v*- ^2=4 Put * for then y ~ik=p 

Clearing fractions, y 4 -2y 3 -7y 2 -Sy + 1 G=0. . . . (A) ; 

that is, y 2 (y- - 2y + 1) - 8(y 2 + y - 2) = 0. 

Each of these two terms is obviously divisible by y — 1 ; hence, 
dividing, we have 

y 2 (y-l)-8(y + 2) = 0, or y 3 -y 2 -8y - 16=0 ; 

that is, y (y 2 — -1 6) - (y 2 - 8y + 1 6) =0. 
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The first member is evidently divisible by y— 4, the quotient 
being y(y + 4) — (y-4)=0 

.-.y 2 + 3y = -4 .%y*+3y+~-i 

Hence all the roots of the proposed equation are 

*=1,*=16, 4f=^ - 2 J = - 

Otherwise.— Extracting the square root of (A), we have 

y 4 -2y 8 -7y 2 -8y+16(y 2 -y + 4 

y A __ 

V-y) _ 2 y*-7y 2 

o 3 i •> 

— 2y J -f y- 



2y— 2y + 4) , 8y2 _ 8y + 16 

Sy— 8y + 16 

-16y 2 

It thus appears that if 16y 2 were added to the first member of 
(A), that member would be a complete square; hence the 
equation (A) is the same as 

(y 2 -y + 4V>- 16y 2 =0 
... {(y 2 -y + 4)-f4y}{(y 2 --y + 4)~4y}=0 
y 2 + 3y + 4=0, ory 2 — 5y + 4=0 

9 7 25 9 

... y 2 + 3y + 4=-4> or y 2 -5y+ — = - 

3 V-7 5 3 

.•.y + 2="~4~' or y-2 ==± 2 

~3±V-7 5 + 3 

.-. y= ^ » ory=— 2~ = 1 or 4 > 

which are the four values of y determined above. 

72 

(102.) iV^^ 3 +35i^+34=^ 
Put xs/x=y, then y 2 =x s , and the equation becomes 
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91 



72 

y 3 + 2y 2 + 35y + 34 = y 

. ' . y 4 + 2y3 + 3 5y 2 + 34y - 7 2 = 0 . 

Extract the square root, 

y 4 + 2y* + 35y 2 + 34y - 72(y 2 +y + 1 7 

2y 2 +y) 2y* + 35y 2 
2y 3 + f 

2y 2 + 2y + 1 7) 34y 2 + 34y - 72 

34y 2 -f 34y + 289 



-361 = -19 2 . 

Hence, if 19 2 be added to the first member of the equation, it 
will be a cemplete aquare ; 

(y 2 +y+ 17) 2 -19 2 =0; that is, 

{(y 2 +y+ 17) + 19} {y2+y + i7)-19}=0 

.•.y 2 +y+36=o, ory 2 +y-2=0 

143 _ 9 

jr+y + i= — 4-, or y 2 +y+i=4 

^-143 , , 3 

y+i= — 2 — ' or y+i=±2 

-14-V- 143 -1+3 
y= - ,ory= — ^ — — 1 or ~ 2 

2 f -l+v/-143l 2 
... x =y f =| =^ I »,or*=l, or ^-4. 

Note. — This method of solution, which is the same as that 
employed in examples 98 and 101, deserves attention, as well 
on account of its novelty, as because of the ease and expedition 
with which it enables us, in many instances, to decompose an 
equation into two others, each of half the degree of the ori- 
ginal. The object aimed at is to give to the partial square 
root, or what may be called the imperfect square root, such a 
form, that the remainder at which the operation stops may be 
either a complete square or a mere number. In example 101, 
this is effected by putting 4 for the final term of the imperfect 
root instead of —4, as the hackneyed method of extracting 
the square root would direct : but it is plain that what is here 
called the imperfect root admits of an endless variety of forms, 
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as well as of the form usually fixed on, each form giving rise 
to its own peculiar remainder. Whenever a form can be dis- 
covered that will render this corresponding remainder a square, 
or a number, the decomposition of the equation may be 
effected, as in the examples referred to, the factors of it being 
i lie imperfect root + the square root of the remainder after 
changing its sign. 

Quadratic Equations, with two or more 
. Unknown Quantities (Page 88). 

(1.) ,i 2 +y 2 =20. 1 By adding and subtracting, 
.r 2 + y 2 = 12. J 2* 2 = 32 and 2y*=8 

.*. x=±4, ?/ = + 2. 

(2.) x + y = 6. 1 Squaring the first, 

jr + y 2 =26. J ^ + 2^ +y 2 =36 

Subtracting the second, x 2 ' + y 2 =26 

2xy =10 

Subtracting this from the second, a: 2 — 2xy+y 2 = 16 

6 + 4 6 + 4 
t r-y=+4; also, .r+y=6 4 r=— y=-y-J 

that is, x=5 or 1 ; y=l, or 5. 

(3.) x 2 +y~=\Q. 1 Squaring the second, 

x — y =2. J xr — 2xy + y 2 = 4 

Subtracting this from x' 2 + y 2 =10 

2xy =6 
Adding to the preceding, x 2 + 2xy -fy 2 = 16 

. , * « 2 ± 4 ~ 2 ± 4 . 

.-. ./ -hy = ±4 ; also, .r— y=2 .r=-^-, y = — - — > 

that is, a = 3 or — 1 ; y=l, or —3. 

(4.) jr 2 4-y 2 =25. 1 Squaring the second, 

x +y = 1 • J A- + 2xy + y 2 = 1 

Subtracting the first, # 2 +y 2 = 25 

2*ry = — 24 

Subtracting this from the preceding, ar — 2xy +y 3 = 49 

1 + 7 1+7 

.-. .r-y= + 7; also, ,r+y=l .•. x= — ^— , y= ~~7r~ ; 

that is, x=4, or —3; y=— 3, or 4. 
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(5.) jfi—ypsslS. 1 Dividing the first by the second. 
x +y =8. J *-y=2, also * + y=8 

8 + 2 8-2 
•'• g", y=~2~ • j:=5,y = 3. 

(6.) ,r -y =1. "I Cubing the first, 

^-y3=19./ ^-y3-.3^y(^~y) or or*— y 3 — 3,ty = I . 

Subtracting this from the second, 3xy=18 
.♦. 4xy = 24, also from the first, j? 2 — 2j*y-f-y 2 =: I 

Adding Axij =24 

.\ ^+y=±5, also x— y=l ^ + 2^ +y 2 =25. 
,r=3 or —2, y=2, or 3. 

(7.) *r 3 H-y 3 =189 ft \ Add 3 times the second to t! - 
t r 2 y + xy 2 =180. / first, then 

x*+f + Zxy(x+y) = 729; 

that is, (.r+y) 3 =369 .\ *-f y=9 ( x + y)2 = 8i 

From the second equation, 

(* + y)*ry=180 .\ 9a?y=180 4^ = 80 

x— y=±l, also x+ y=9 (>r— y) 2 =l 
.*. o:=5, or 4; y==4, or 5. . — 

(8.) l(Xr-fy=3jry. "I From the second, y= t r-f 2. 
y— «r=2. J Substituting in the first, 

ll.r + 2=3.r 2 +Gr .\ 3^—5*= 2 

, 5 25 2 25 49 

•'•^■"3^ + 36 = 3 + 36 = 3G 

5 , 7 54-7 . I 

.•.*-6=±g"*=-^-=2,or--- 

.-. y=a: + 2=4, or |- 

(9.) ■r 2 +y 2 + l r-r-y = ]8.1 Adding, 

2*y=12./ ( tr + y)2 + ( tr+y):= 3 0 
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*+y=5, or -6 .'. (-r+y) 2 = 25, or 36 

also 4xy = 24 24 

... (.r-y) 2 = 1 or 12 
... (,r-y = ±1 or ±2^/3 
also a»+y= 5 or —6 

[ x =3 or 2, or ~3± V 2 
•'•\y =2 or 3, or —3+ VS 

(10.) ,z 2 y 4 -|-y 2 =10. 1 From the first equation, 
xy *+y =4. J ^y=10-y 2 

(4-y) 2 

From the second, x 2 y A = — ^4 — 

... 10-y 2 =™~4 y — .-.y 6 -icy+.y 2 -8y+16=:0. 

This may be put in the following form : namely, 

' y 4 (y 2 -l)-9y 2 (y 2 -l)~8(y 2 +y-2)=0. 

Each term of the first member is obviously divisible by y — 1 ; 
hence the equation is satisfied for 

4— y 

y— 1=0 .*. y=l .*. ^=—4-= 3. 
(in *+Sf =rt o 1 Multiplying the two together, 

z— y r - 



that is, *=2" a (« 2 + ] )' y=^ a2 - l )' 

(12.) 9x 2 =4y 2 . 1 From the first, 3*=2y. 

3ay + 2* +y = 485. /Substituting m the second, we 

4 o 7 485 

have 2y 2 + 3y + y=485 r +-$=-f 

7 /7\ 2 34969 _7 187 

*.'.y 2 +6y + \T2/ = "r2 r " / * y+ 12~' ± 12 
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-7+187 2y 7 

•••y= frj =15,or-16^.-.o:=-^ = 10, or — 10g. 

(13.) ,r 2 +y 2 — y=78. 1 Add the first to twice the 
*y + .r-f y=39. / second, and then subtract; 
.\ « 3 + 2j^+y s +J?+y=156 .... (1) 
and* 8 — Say+y 3 — 3(*+y)=0.. (2) 



625 25 

.% (^+y) 2 +(^+y)+i=-^ >\*+y+*=±-g- 

x + y:=12, or —13. 
Hence, substituting in (2) 

(x— y) 2 =36, or -39 .\ x—y=± 6 or ±^/—39 

also ar+y= 12 or —13 

-13 + V-39 
x=9 or 3, or =~ 

y=3 or 9, or - Y 



1__ _ 1 J Multiplying the two together, 

x~4 > x 2 —2xy + y*=4 x—y="2, 

—xir=l6.J also xy(x— y) = 16 



' y j? 4 
^y— #y 2 =16.J also ry(,r—y) 

xy = 8. From (x— y) 2 = 4 
add 4xy =32 

.\ (j?-f y)2=36 .-. x+y=± 6 
also x—y=~ 2 



J? = 4 or —2 
y = 2 or —4. 

(15.) ar + xy^tf + ab. 1 Adding the two together, we 
y 2 + yj7=i 2 + ai. / have 

* 2 + 2*y + y 2 =a 2 +2a$-f & 2 ... tf+y-a+a. 

Also, *(,r-fy)=a 2 -f-a& .'. (a + b)x=a(a + b) r.x—a r.y — b. 

(16.) \2xy=5x+l2y.l From the first, 12(,r- l)y=5x. 
y 2 —x 2 =l. J From the second, y= ^(.r 2 + 1). 
Substituting, 12(^-1)^/(^+1) = 5.r 

.-. 144(*-l) 2 (^ + l) = 25,r 2 
/. 144(^-2*8 + 2^-2o-+l) = 25x 2 ; 
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that is, 144(,r 4 + l)-288(r s + x) = ~263x 2 
.-. 144^ 2 +^-288^+^= -263. 

Adding 144X2, 144^ + ^-288^+^ = 25 ; 

25 

or, 144y 2 -288y=25 .\ 

169 13 25 1 

/#y 3_ 2rM= _ .-.y— 1 = +- .-.y=Y2» or ~T2 

1 25 11 

25 1 
.-. ^4fs=— 1, or l r 2 +Y2 Jr = _l 

a 25 /25\ 2 49 1 1 

_25_ ^ 2 V-552 

24~ ± 25' 0r,r + 24~± 24 

25 + 7 - l + V-552 

•'• *=~2T or * r= 24" ; 

-1 + ^-552 _l±V-13S 
that is, .r=l£ or f ; or x= £4 = 24 

V(25 + 2V~138) 

.•.y=V(* 2 +l) = H, or li; ory= =g4 



552 
24 2 



— _j +2^=11 : 

that is, 35**- 144*=- 148 

9 144 148 
* 3o' r_ "" 35 
144 /72\ 2 4 72 2 4 



/72\ 2 4 72 2 

+ \S5 ) = 35* *-35 = ±35 *= 2 ' 0r 2 i 



2 5 V35/ ~35 2 ' ' " 35-^35 ' ,44 ~^ ^ "35 

, 3* 29 
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(18.) y— x=2. 1 From the first, y=* + 2. Substi- 
3xy= JOx-fy. J tuting this in the second, 

3# 2 + 6*=ll,r+2 

g 5 _2 „ 5 25_49 

,5 7 1 
.-. .*. x= < 2, or — s« 

(19.) x+ y+ y/(x+y) = ]2. 1 From the first, completing 

ar 3 + y 3 =189. J the square, 

, , 49 -1 + 7 

(x + yJ + ^ + y^ + Jrr — ,\ (* + y)»=— 5=- =3 or -4. 

Tlie second is (x+y)(ar— #y +y 2 ) = 189 ; that is, it is either 

9(x 2 -xy+y 2 ) = 189, or I6(a?-xy + y 2 ) = 1 89. . . . (A). 

Substituting 9— x for y in the former of these, after dividina: 
by 9, we have 3jr-27*= -60 .-. .r 2 -9.r=-20 

81 9 

.*. y=9— #=4, or 5. 

These are the values in the book ; another pair may be 
obtained from the second of the equations (A). 

(20.) 4,ry=96-.r 2 y 2 . 1 From the first, 

*+y=6. J (*y) 2 +4*y=96. 
Completing the square, (xy) - -f 4.ry -f 4 = 1 00 
jy + 2=±10 /. xy=8, or —12. 

From the second equation, (x + y)~ = ZG 

also, 4.ry=32 or — 4S 



.-. (*-y) 2 = 4 or 84 
x—y— -f2, or2//21; also .r -j- y = G 
*=4, or 2; or 3± >/21 
y=2, or 4; or 3 + V 21 - 

* 2 +y 3 13 "I From the first, 

(21.) —=-£-• I 13 

^y+^=^¥ + 42. J ^= 6 *• ' • (A) 

From the second, xy^-f y 2 — xy) = 4i\ 
By substitution, 

F 
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/1 3 \ 7 

xyl ~q xy — xy j=42 ; that is, g(xy) 2 =42 .*. xy=6 

from (A), * 2 +y 2 =13 .\ x 2 + 2xy 4-y 2 =25 ,\ x4-y=±5 

and x 2 — 2xy4-y 2 = 1 .*. x—y= + 1 
,\ x=3 or —3, y=2, or —2. 

(22.) a^-f y 2 4-4x— 6y=l 3. 1 Add twice the second to 
xy — 3 x -f 2y = 1 1 . J the first, then 

x 2 + 2xy 4-y 2 — 2(x4-y) = 35. 

Completing the square, (x + y) 2 — 2(x+y) + 1 =36 

.'. x+y — 1 = Jr 6 .% x4-y = 7, or —5 

.\ y=7— x, ory= — 5— x. 

Substituting in the second equation, 

7x-x 2 -3x4-14-2x=ll, or _ ox-* 2 -3* -10 -2*= II ; 
that is, -x 2 4-2x=— 3, or — x 2 -10x=21 
x 2 — 2x4-1=4, or x 2 4- 10x4-25=4 
,\ x— 1 = + 2, or x 4- 5 = + 2 .\ x=3, or —1 ; or —3, or - 7 
.'. y=7— x=4, or 8; y= — 5— x=— 2, or 2. 

(23.) (x 2 4-yVy 3 =3600\ . fx*f + xy =3600 
x 2 y4-^y 2 =84 j" \xY + xY 4-2x-y=7056 

2xY=3456 

xy= ^/1728=12 from the first equation, x 2 4-y 2 =25 

Adding and subtracting, 2xy=24 

.'. x4-y=±7, x-y=±l (x4-y) 2 =49 
.-. x=3, or 4; y=4, or 3 (x— y) 2 = 1 

(24.) x 4 4-y 4 =2657. 1 This example may be treated ex- 
x 4-y =11. J actly like ex. 6, at p. 83 of the 

Algebra. 

(25.) 2x + 2y-x 2 -y 2 4-2=0 \ . J 2x4- 2y 4-2=x 2 4-y 2 

xy=3 / " \ 6= 2xy 

Adding, 2 (x 4- y) 4- 8 = (x 4- y ) 2 
Cr4-y; v -2(x4-y)=8 Cr4-y) 2 -2(x4-y)4- 1=9 
•\ x4-y~l = ±3 .\ x4-y=4 or —2 
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.\ (*+y)*=16,or 4 
4xy = 12 12 

(x— y)»= 4 or - 8 .'. ,r-y= + 2, or 2^/-2. 
And since ,r+y=4 or —2 .-. x=S or 1 ; or —(1 + ^—2) 

• and y=l or 3 ; or — (1 + V— 2). 

(26.) * 2 + y 2 =61. 1 Thig example is similar t0 that at p 

x 2 —xy=6. J86 of the Algebra, and may be solved 
in the same way. 

• * 

(27.) * + y=10. "I Dividing the second bv the first, 
^-hy5= 17050. / we have 

j? 4 — j^y+^y 2 — .ryS + y 4 = 1705 
(* + y) 4 =j^4^y + 6j:y + 4.ry 3 + y 4 =10000 
Subtracting, bx*y + 5ar2y 2 + 5-ry 3 = 8295 

^ + xy + y 2 = 1^ 

(*+y) 2 =* 2 + 2.ry + y 2 = 100 

i** 1659 

• . ^y = ioo 

.-. Cry) 2 - 100ry = - 1659 {xy) 2 - \00xy + 2500=841 
^y— 50= +29 .ry=21, or 79 

Cr + y)2=100 
4xy = 84 or 316 

(*-y) 2 = 16 or -216 .'. x-y= +4 or 6^-6; and since 
.r + y = 10 .*. x=7, or 3; or 5 + 3^/— 6 

y=3, or 7; or 5 + 3^-6. 

(28.) < r 2 + < ry + y2=21"l . U x + y y~-xy=2\. 

* -aV + y=3 \(^ + y)-.(^)i = 3. • 

Divide the first of these by the second, then 

(* + y) + Cry)j = 7. 
Add this to the equation above, then 2 (,r + y) = 10. \;r + y = 5. 
Also j^=(o: + y) 2 — 21=4 .*. (o:+y) 2 -4j'y=( ) r-y)2 = :9 
x— y= + 3 .-. x—\ or 4 ; y=4 or 1. 

(29.) x 2 y2+12 J? y=9x 2 + 4y 2 1 . / xY=(Sx^y)^ 

x* + 4x+y*=6y + 24 j " ' l,r 2 + y 2 =6y-4x + 24 

f 2 
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To x*+f=6 !/ -4x + 24. . . . (A) 

add 2xy = 6.r — 4y (B) 

Cr+y) 2 =2(.r+y)-f 24 .\.(*+y) 2 - 2(*+y)=24 
.\ y) 2 -2(.r+y) + l = 25 .-. ff+y— l=s±5 
# + y=6, or —4 .'. y = 6— or y— —4—a\ 
Substituting in (B), 1 2x-2x*=6x— 24 +4x, or — $x — 2.r- = 
6^+16 + 4x ,\ 2^-2^=24, or 2a: 2 -f l&r= - 16 

... ^_*+$-~ or^+9*+(|) = ^ 

7 9 7 

*-?=±2' or x+-=±- 

,\ ,r=4, or — 3 ; or x= — 1, or —8 
.\ y=6— #=2, or 9 ; or y=— 4 — ,r= — 3, or 4. 

(30.) * — y =2. *l From the first, 

,r 4 +y 4 =272. J x4-4x*y + 6xy-4xy* + y 4 =l6. 

Subtracting this from the second, 

4*z**y — 6x^y~ -f- 4xy^ = 256 

. •> „ o 256 

.*. 4x 2 —6xy + 4y 2 = — — 

4(x~y)-=4j: 2 -8jy + 4y 2 = 16 

256 

~xj ~ 16 

•\ (.ry) 2 +8,ry=128 ( k xy) 2 -f8.ry+ 16 = 144 

xy + 4=±\2 .\ a^=8 or —16. 

To (.r-y) 2 =4 1 (^+ y )2=36, or -60 

add 4xy =32 or =64 J .\ x+y=±6, or 2 V /— 15 

.'. x—4 t or — 2; or 1 + ^—15 
y=2, or —4; or — l+v'— 15. 

(31.) 1 2 2 + 2 < ry+y + 3 t r=73. *l Adding these together, we 
y° + x + 3y =44. / have 

«r 2 + 2xy -f y 2 -f 4j: + 4y = 1 1 7 ; 

that is, (,r+y) 2 +4(.r4-y)=l 17 

Cr+y) 2 + 4(,r + y) + 4=121 .-. *+y+2=± 11 

.\ x-j-y=9 or —13 j?=9 — y, or — 13-y. 

Hence, by substitution in the second equation, 
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t/ 2 + 2y-r-9=44 ory 2 + 2y-13=44 
y 2 + 2y+l=36, or y2 + 2y+l=58 
.;y+l = ±B $ ory+l = + ^58 
y = 5, or — 7 ; or y= — 1 Hh ^/o8 
x=9 — y=4, or 16; or a'= — 13— y= — 12 + a/58. 

(32.) 0r 3 + y 2 )(,r+y) = 120.1 Dividing the first by the 
Cr-y)(jr-y 2 ) = 24. J second, 

a' 2 + V 3 - 2.ry 
r f ,=5. Subtract 1, ,\ ; r«=4 

(*— yr (*— yr 

.-. — ^t*=S. Add 1, .\ (— ^Y=9 .-. : ^=-f-3 

(*-yr V— y/ y - 

.*. «r=2y, or y=2x. 
Substituting in the second equation, we have 

3y 3 =24 y*=8 .% y=2 .-. x=4 
or 3x 3 =24 jt 3 = 8 .\ x=2 .-. y=4. 

(33.) xy=6. 1 Assume «r=ty, then the equa- 

3x 3 -7y 2 -fl=0. J tions are 

t>y 2 =6, 3v 2 y 2 -7y 2 =-l 
„_6 1 

•••y — v > y~— 7— 3^2 

42-18tr=t; 18v 2 + t;=42 /. w*+^rt>=| 

_ 1 /1\ 2 3025 1 55 3 14 

V ~+TS V + \36J =~t¥ V + 36=±36 " V== 2' or ~T 
. 6 

.\y 2 =-=4 y=±2 x=vy = ±3. 

(34.) 2x~iy- = l+*2y±. 1 Squaring the 

x—y = \/(a—x+y) — >s/(a + x—y). J second equation 

we have 

(*-y) 2 =2«-2V{a 2 -(*-y) 2 } 
.\ 4{a 2 -(o:~y) 2 } = {2(z-( a :~y) 2 } 2 == 

4a 2 — 4a(x— y) 2 -f (.r— y) 4 
•\ 4(x— y) 3 =4a(.r — y) 2 — (or— y) 4 
... {4(l-a) + (*-y) 2 }(.r--y) 2 =0. 

This is satisfied for x— y=0 .\ ,r=y the first equation is 
2x-*=l + which is evidently satisfied for x=l. 
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(35.) x — y = 3. \ Divide the second by * + y, 

x*+y*=z\9(x + y). J then 

x~— ,ry + y 2 = 19. Subtract the square of the first, 
.r 2 — 2xy + y 2 = 9 

.-. xy = 10. Add 4 times this to the above, 

,\ x—Dy or — 2; y=2, or —5. 

(36.) ^-2V(^)+y-- V^+Vy=0.1 The fir8t of these is 

(V^-^y) 2 -(V^-Vy)=o 
(\A-Vy) 2 -(\A-Vy)+i=i 

Also from the second, s/x + *^y=5 

5 25 
.-. >y/j:=3or g .'• #=9, or 

5 25 
Vy=2 or ^ y=4, or 



,r— v=2. J 



Multiplving the first by y 2 , then 

85 c ' 

sfl + 4xy 

y=u. J * 9 



o 121 S 

11 5 17 

,\ j? + 2y = ±-g-y • '• #=3^, or — -g-y. 

5 17 
But from the second, ,r=y + 2 .'. y + 2 = ^y, or y + 2 = — y 

20 3 . 

iy=2, or -yy=— 2 .\y=3, or — 

17 

.-. x=y-f2=5, or y^- 

(38.) * 4 -2*V+y 3 =49 \ . f **-y= ±7. . . . (A) 

^-2a:y+y 4 -x 2 -fy 2 =20 J ' ' \ (x 3 -y 2 ) 2 -(x2-y 2 ) = 2 0 

... (x 2_ y 2 ) 2_ (a ^ y2)+i= ^ ... * 2 -y 2 _i= ± | 

- • **=y-+— <p» 
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tLut is, j? 8 =y 2 -f-5, or y 2 — 4. Substituting this in (A), 
if-y=2 or —12; or y 2 -y= 11 or —3 

9 „ 47 

or r -y + J-=— or y*— y+i= — 4 

y-i=±T> or y-i t= — 2 — ; 

or y-i="^-» or y— — — 

l±\/-47 1 + 3V5 

.-. y=2, or —1, or - ; or y= ~ 2 > 

or-— ^ .\x=V(y 2 + 5) = ±3,or ±y/6,&c. 

(39.) j? n 4-y w = «. 1 Squaring the first, 

xy =b. j x* n +2x n y»+y 2 »=a* 
Raising the second, 4x n y n =46'* 

.'. y n = a 2 —4b n 



Combining this with the first by addition, and then taking the 
nth root, we have 

x=C'i{V(« 2 - 4 * tt )+«} 
b 

\ f! j ^! -( x aM\ 1 Add 2 t0 each side of 

l 4 "-) 2\y + */ 50" >the first equation, then 

4x-5y=10. J we have 

\y Ay x)~ so 

3 203 _ 3 9 1849 
or * ~§*-5<r * * 2*+ 16~ 400 
3_ 43 _29 7. 
•'• "-4~~ ±20 '"" Z -\V 0T ~5 1 
, . * y 29 7 
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29 7 

.\ * 3 +y 2 =jQ^y, or x 2 +y 2 = - ^y. 

4*— 10 

From the second equation, y= — ^ — : hence by substitution, 

4x— 10\2 29x(4x-\0) 



„ /4*-10\2 



50 

.-. 25* 2 + 16^-80*+ 100=58* 2 ~ 145* 

_ 65 100 
1 7* 2 -65* =100 ^-^=17 

3 <!£ /65\ 2 11025 65_ 105 

X ~~\7 + \34/ " .34 2 <r ""34~± 34 

20 * 4x 50 
.*. a=5, or — yj .*. y=y — 2 = 2, or — Jy" 

Another pair of values for x and for y may be obtained from 

7 

the equation x2+y 2 = —Txy. 



(41 .) or— xy=48y. 1 Divide the first by the second, then 

*y-y 2 =3.r. ]x v 

-=l(r; . . = 1 6y ~ .'. #=+4y. 

Substituting this in the first, 16y 2 + 4y 2 =48y ,\ (16 + 4)y=4S 

2 3 
y=4, or 2r .\ x=\6, or — 9^- 

(42.) i- 2 +y 2 — - 15(x+y)= — 70. 1 Multiply the second 
3ay + 3 1 (*• +y) = 2 10. J by |, then the two equa- 
lions become 

# 2 +y 2 — 15(,r-f y) = — 70. . . . (A) 
62 

2xy +y( f + y)= 140.... (B) 



17 

' By addition, (* + y) 2 + y(.r+y) = 70. 
Completing the square, 

, , 17, ' /17\2 2S09 

17 53 35 
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Taking the first of these, we have from (B), 

2ffy=16 (,r+y) 2 — 4jy=(x-y)~ 4 .\ x-y=±2 
.-. x=4, or 2; y = 2, or 4. 

Note. — In every pair of symmetrical equations — that is, 
equations in which * and y may be interchanged without dis- 
turbing the equality — it is plain that the resulting values are 
interchangeable : thus, in the present example, from the values 
,r=2, y=4, we might infer the values #=4, y=2. 

(43.) *Jy : y/x :: \Jx-\- 3 : Vff-f- 1. 1 Converting the pro- 
\/(xy) + 2^/y=3x + 3>Jx. j portion into an equa- 
tion by multiplying extremes and means, 

\/xy-\- \Jy= ff-f 3^/j:. . . . (A) 

\/*y+2Vy=3.r+3vA\ ...(B) 

, s /y=z2x y=4ff 2 . 
Hence, by substitution in (A), 
2ff N /ff+2ff=ff+3V'ff .\ 2ff v /ff + ff=3 x /ff 2ff-h v /*=3 

1 25 / 5 3 

^+i^T*|g=yg V* + i=±4 •"• \A =1 » or -2 

.\ ff=l, or 2}; y=4jr = 4, or 20}. 

j^-fj-yzr: 66 J lff 2 + ffy=66. 

These being two homogeneous equations, put vy for x \ then 
r y-y2=^ V y2 /# ^-l~t,.-. 30i; 2 -llr=30 

• 66 

From the former of these, 

o L 1 3721 H_ 61 _6 

v- ~30 V + \60/ "3600 17 ""60" ±60 "-5'. or ~C 

. 66 66x36 „ . 66 

y 2 =^q^=25, or - — 7 — .\ y = ±5, or 6^-5" 

x=vy=±6, or — 5v — g- 

(45), (46), (47). These are all pairs of homogeneous equa- 

f 5 
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tions, and may be solved in exactly the same way as the pair 
of equations just discussed. 

(48.) ^-fy* = 3a:. 1 Multiply the second by **, then it 
x h + y*=x. J becomes jr + Jr*y*=^: hence the first is 
the same as 

x + x*y* + y*=Zx .\ #*y* + y*=2.r ; 
that is, yK** + y*) = 2x; but x* + yi=x 
y*=2 .*. y=8 x* + 2=x 
x—x^=2 .'. |** + i=| **— i=±f -z^ 4 * or 1- 

V3.r /x + y "1 Squaring the first, 

«y— (*+y)=54. J -r+y" 1 " + 3,r 

^+^= 2 ( 3a? ) 2 - 2(*+y)3*=-(*+y) 2 . 

Completing the square, (3*) 3 — 2(,r + y)3,r + ( t r+y) 2 =0 

.*. 3x — (x+y) = 0 2x=y. 

Hence, by substitution in the second equation, • 

3 9 441 
2j: 3 — 3x=54 .'.ar— Jg" 

3 21 m 9 . 

^-4- ±-4 .-.^=6, or -2 

y=2a?=12, or —9. 

(50.) (*+y) = 3(*— y)*. \ Cubing the first, 

(^ + y 3 )(^+y) = 27. J Gr+y) 3 =27(.r-y). ... (A) 

From the second, (a? 2 — ,ry +y 2 )(,r+ y) 3 = 27 (,r-f y) 
By division, 

^_^ + ^-£±J /f (^-ay+y»)(,-y)=*+y. . . . ( B). 
x—y 

Put .r=vy, in (A) and (B), 

.\ (v+l)Y=27(v-l)y .\ (v+l) 3 y 2 =27(t;-l) 

(vV-i7 9 +y 2 )(«-l)y=(t7 -f l)y .\ i)y 2 =^T* 

Equating the two expressions for y 2 , we have 
27(v— 1) v + l 

l^*^rT)^+i)-.27(«~W-»+i)=(«+i) < 
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.*. 26u 4 -85u 3 + 102ir-85t; + 26=0 

* 6 (f +i)- 85 ( v+ i)=- 102 - 
Adding 26 X 2, to each side, 

26 ( v + v) 3 "~ 85 ( V + v) = PQt V + v =tt7 

„ 85 /85V-_/85\2 25 2052 
.\«r- 26* + ^52/ -^52^ "~13-"522- 

85 45 5 10 

•'• W; -52 = ±52-*- tt;= 2' 0r T3 
1 5 1 10 9 5 10 

••• v + T=2 >ort;+ ^ = 13 / -^~2 l;== - 1>or ^-T3 y== ~ L 

From the first of these, v=2 or £ ; 

5+iy-i 

from the second, »= r= 

27(t?-l) 

Taking u=2, we have y = (p+ l) 3 ~ 1 ^=ry = 2 ; 

and these are the values of x and y given in the hook. All 
the other values may be in the same manner obtained from the 
remaining values of v. 

a^ + ay+y- ^ "J Clearing fractions, the equa- 
x 2_jy + y2= 2 i- j tionsare 

1 1_ f 3(,r2-h l ry+y2) = 7(a> 3 - J :y+y 2 ) 

i+y- 1 *- J 2(a + y) = 3ay. 

Put a*=vy, and they become changed into 
3(*y + t^ + y 2 ) = 7(t?y--«y a +y s ) ... 4t°— 10* +4-0. . (A) 

2(i>+l) 

and 2(v+ l)y=3yy~ .\y= — — . . . . (B). 

5 5 25 9 

From (A), tr^v^ — l «f+ i6= 

5 + 3 

.-. t?=-— — =2 or -j 
.*. (B), y — 1 or 2 .\ a'=ry==2 or 1. 

■ 

(52). 2a? 2 — 2ay=3y. 1 Put a=ry, and the equations be- 
Say — 3y 2 =2a\ / come 
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W-*)-* y=2^rT). • ■ - (A) 



2v 



and 3(iy 2 -y 2 )=2py y= 8(t ,_ 1) . . . . (B) 
2?? 3 _2v 

2*(l>— l)~3(t>—l) 2^ = ~3 4v *= 9 c = ±| 
.% (B), y = 2, or f x=py=3, or — £. 

(53.) (*+y)(.r— y) 2 =32. 1 Multiplying the second by 4, 
•r 2 — y 2 — x~y = 8. J we have 

4{(* 2 -y 0 ~)-(x+y)} = (x+y)(x-y)*. 
Dividing by .r-f y, 

4(^-y-l)=(o?-y) s .'. Cr-y) 2 -4(>-y) = -4 
(.r-y) 2 - 4(a?-y)+4=0 .\ ,r-y=2 
.'. substituting in the first, 

4(* + y) = 32 ,\ x+y=8 .\ x=5, y = 3. 

(54.) 4^-^=^-4.1^ firSt ' ^ tra " S - 

j |»(- + £)-4* + 4. 

Add ,r 2 y 4 , then 

y 2 + ^+£)s*V + 4.ry 2 + 4. 

Extracting the roots, y(x 2 -h^)=an/- + 2 (A) 

^ 2 y— j-y 2 =2— 2 : but 2nd equa. j? 2 ^— *y*=sa*— 3, 

•\ 2.r 3 -fy 3 =:10. 
Subtracting this from 3 times the second equation, 

— y 3 — 3 xy (x — y ) = — 1 . 
Extracting the cube root, x— y= — 1 .\ x=y — l. 

Substituting in (A), y j (y- 1) 2 +^ j =(y-l)y 2 -f 2 

.•.y(y-l) 2 =|-y 2 + 2.-.y^-2yH2y-4 = 0 
ory 2 (y— 2) + 2(y-2)=0. 
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This is satisfied for either y — 2=0, or y 3 + 2=0 
.\ y=2, or y= x /— 2 .-. x=y— 1 = 1, or — l + s/-2. 

(55.) (x+y) 1 — (*— y) i= a- 1 Dividing the first by the 
(,r+y)*+ (x—y) i =l: J second, 

(*+y)*-(*-y)*=J 

(x+y)* + (.r-y)i=5 
.-. (* + y)*=i(ft+j) 

...,+y={i( 6+ ?)} 4 r*=T+{^+p)} a 

(56.) (x 2 +y 2 )(^+y) = 2jy. 1 Divide the second by the 
(^ 4 ~y 4 )(x 2 +y 2 )=^y. / first, then 

(*-y)(* 2 +y 2 ) = 7f 
But (*+y)(^+y 2 ) = 2*y 

2*(* 2 +y 2 )=^....(A) 

Substituting in the first, 

5 3 
^(j+y) = 2x .'. 3x = 5y .*. y = 5* 

Substituting this in (A), 

__75 __75 _ 45 
.-.34*— 4 — 136 •*• y— 136* 

ft y 26 -\ By dividing the first by the 
(57.) (* 2 J- [second, 8 * 

x 15 ffl+y 2 . r__52 * 2 +y 2 5'2x' 2 
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52 a? Pif *2 t*+l 52 

or ^ — = tt- -o- lllt -B=uvthen — -T=7^w 



45 y 2 1-45' 

— — 1 

^ 52 52 97 45 

/. 45^-45^+1. -^-"52^52 

104 2 

0 7-1-1 3 79 5 x 3 5 



97 / 97 V 18 ?6! 
^-52 tt? + Vl04/ = "f04^ 



104 4 ,w " 13 y 
Taking the first of these values, and substituting in the 
given equations, we have # 2 -f y 2 =13, and # 2 — y 2 =5 

.r 2 =9, y 2 =4 x=±3, y=±2. 

63 -\ The second equation 
(58.) (x-+y 2 )-(^+y 4 ) = 256- I is the same as 

(*+y) 2 + to-2)xy=^ J *'+y«+*y=|J. . (A) 

« 

Subtracting the first from twice this, 

105 

(* 2 +y 2 ) 2 -M* 2 +y 2 ) = 25g 

169 

13 5 21 

...*2-fy 2 +i=±Y6 "* 2 +y 2 =i6,or-yg- 

Substituting the first of these in (A), 

4jry 2 =yg .*. 2jn/ = -\. 
Adding and subtracting, 

_ 9 

(*+y)-=i6 *+y=f 

(590 ( ,_ % +,_ The first of these 

V2^4| = 2. h s the same as 

xy— 18 4 J 
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(y-hl)x-2y(y+l) = (y 2 -l)v/' r y •'• *— 2y=(y— 
Put z for V*y> then, clearing the second of fractions, we have 

*-2y=(y-l)*.. .. (A) 
4*-48=j 4 -18z 2 , 

or ^-l&r— 4r + 48=0, 
or 2 2 (; 2 -16)-2(z 2 + 2z-24) = 0; 

or * 2 (; 2 -4 2 )-2(;r-4)(z + 6)=0, 

which is satisfied for either 

r-4=0, or r 2 (j + 4)-2(j + 6)=0. 
The first of these gives 2=4 .\ jry=\6 ; and from (A), 

96 

,r — 2y=4y— 4 ,\ 6y — jt=4, or— — ,r=4 

... * 2 + 4j:=96 *- + 4* + 4=100 ,\ ,r + 2= + 10 

16 4 

.-. ar=8, or -12 ,\ y= — =2, or — 

(60.) (* 4 -y 4 )(a~-y 2 )=45* 2 y 3 .l Dividing the first by 
0r 2 +y 2 )(.r4-y) =15.ry. J the second, 
(a: 2 -y 2 )Gr-y) = 3,ry.. .. (A). 

a^ + y 2 j?+y 
Dividing the second by this, JCp* ^TT^~° ; 

,r 2 * 

that is, ^_ . |_ =5> or _ . _ ^5 ; 

"3-1 —1 

y^ y 

that is, ^^=5 5(r-l) 2 =z 2 +l .\4* 2 -10*=-4 

i~ — u 

5 25 9 5 3 

,r y 
- = 2, or | j:=2y, ov x—-- 

Substituting the first of these values of x in (A), we have 

3y 3 =6y 2 y = 2 ,\ .r=2y=4. 

(61.) ^(.r+y)+ ^(*-y)=y. 1 The second 

*y 4- v/OV - y 4 ) = \A* + y) + \A* - y ) • / equation is 
the same as 
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v^(*+y) W(*-y>=|{2*+ VC^-y 8 )} j 

that is, -*/(*— {V(*+y) + \/(*— y)} a 

•i=f{\/(*+y)+^(*-y)} 

y J x/Cr + y) - V(g— y) 

§~V(*+y)+V(*--y) % 
y 2 =v / (- r +y)-\ / C r -y) 

= { ^(r+y) + V(*-y)} { ^(*+y)-^(*-y)}- 

Substituting for the first of these factors its value in the first 
equation, we have 

W*+y)-^(*-y)=|-y.-. ^+y)=y; 

also — y)=0 x=y ,\ 2y=y 4 .\ y 3 =2 
,\ y= ^2, and x= 4/2. 

(62.) S^(y + 2) = ;r + 8. ") Squaring the second, we have 
•r*-y*=(y+2)*. J *-2 v /*y+y=y+2 

(*-2) 3 (x+2) 2 
.-. (j?-2) 2 =4xy .\ y= — ^— .\ y + 2=— — • 

Substituting this in the first, 

*r + 2 8 8 

4-^=* + 8=4*/* + x— 4-vAr + 4 = -^r — 4 

( v /^-2)2=^^^.-.(^-2){ v / ^(v/x--2) + 4}=0. 

This equation is satisfied for either 

^/r — 2 = 0, or x— 2^ + 4 = 0. 

The first gives x=4 .-. y= — ^ — = |. 

1 33 

(63.) *-+ J -y+r=^7 yT p- 1 Put x=ry> then the 

91 r equations are 
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( ^_„ +1) ^ = _ f |L_ 5 . 

Dividing one by the other, 

.-. 9l(f 2 +»+l) = 133(o 2 +l) .-. 42e 2 -91» + 42=0 
. 13 . 13 /13\2 25 

13 + 5 3 2 4 / 133 

•'• r= ^2~ = 2 ,0r 3 •'• (pHI)--*-- 2 ' 01 ' 3 

,\ j=ryr=3, or 2. 

(64.) V(^+^A 2 ) + \Z(r-r-^y 4 )=«.l These cqua- 
.r + y 4- 3 #fory = b. J tions may be 

put in the following forms : namely, 

V {*»(*! + y ») } + V {j^(*i+y») } 
(xi + yi) 3 =6 /. ** + y*=^. . . . (A). 
The first is the same as (jr^4-y^){^H-y'}^=fl ; 

that is, (**+y»)'=a V. f'+^ssA • . ■ (B). 

In order to dispense with fractional exponents, write a, b, x, y, 

instead of a*, b , y^, and replace them by these at the end : 
the equations (A) and (B) thus take the simpler forms 

x + y=b and ar+y°=a 2 

.-. a 5 + 2xy + y 2 =6 3 

^-2xy+y 2 =2a 2 -6 2 

x-y=^/(2rt 2 -^ 2 ) x=i{^ + x /(2« 2 -^ 2 )} 

y=X{^V(2a 2 -^ )} . 

Hence, restoring the symbols to their proper values, 

+ V(2a f -^)} s . y=i{^- </(2a»-tf} 3 . 

(65.) x2+y 2 =3xy.\ Since (*+y) 5 =* 5 + 5,r 4 y + M*y + 
^ + ^=2. J 10x 2 y 3 + 5xy» + y\ 

and from the first equation, (*-f y) 2 =oi-y, 
and from the second, 
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that is, jH3ry + 3jf+y 8 =j» J +2jf 2 y+2^ 2 +y 3 +^- 

2 * 

r*F *4" V^ 2 

But xijJ'—f 1 - .-. (j?+y)«=10 .r+y= ^10 

Cr+y) 2 =(^10)*. 
Also 4^=f(VlO) 2 

(*-y) 2 =l(^10) 2 *-y= ^ 10 



5 /10. ( ^10 



V5 



(66.) (,r+y) 3 =64(,r— y). 1 Put J?=ry, then the equa- 
te y^C**^ 76. / tions are 

(»+l)Y=64(*-l)y .-. y2== ^ ( jr-^. . . . (A) 

(*+!)<*+ 1)/ =76 ,. y 4 = _™_ ^ (B) 
64 2 (p-l) 2 76 64 2 (w— l) 2 76 



64 2 (»-l)V-2;+l) = 76(t;4-l) 4 . 
Dividing by 4, and transposing, 

1005i> 4 -3148«^ + 3982t> 2 — 3148« + 1005=0 

/ 1\ 3148/ 1\ 3982 



1005 

Adding 2, ^ + - m (• + ;J=-I606 
a 3148 /)574\ 2 495616 
or ^-lOOo^ + VlOOS; ="1005^ 
_1574 704 
1005~~±1005 
2278 58 
'*• W== 1005» or 67- 



Digitized by Google 



QUADRATIC EQUATIONS. 115 

Taking the first of these, 

1 2278 2 2278 _ 
v + v~ 1005 v ~~ 1005* ~ ~ 1 
a 2278 /1139V 287296 
lr "i005 v+ \l005j 8=8 1005 2 
1139 536 _5 . 201 
* •"' V ~~ 1005 - ± 1005 /f V ~l f or 335* 
Taking the first of these, we have (A) 

n _3 5 

y= 8 ( W+ i)^(Tri)"2 * =iy= 2 

(67.) ^ 4 + y 4 ==l +2,ry + 3,r 2 y 2 . 1 From the first equa- 
jr 3 -f y 3 = 2y 2 .r -f 2y 2 -f- ,r -j- 1 . J tion by transposing, we 

have 

t r 4 -2/yHy 4 = l + 2,ry + .r 2 y 2 Jr—y 2 =l+xy (A) 

.-. ,r 2 -.ry + y 2 =2y 2 +l. 

But the second is jp + if={2y* + !)(*+ 1) 

^r 3 + y 3 =(* 2 -ory + y 2 )0r+l) 

Dividing by i ,2 —^+y 2 ,.r-f y=.r+ 1 .'.y=l (A), a: 2 — a:=2 

1 9 1 + 3 

• •• *--^ + 4=4 2~ = 2, or — 1. 

(68.) (*H*y+y 2 )(* 2 -*y+y 2 )=481.1 Put i> for x 2 + y 2 , 
(* 2 + y 2 ) 2 -(^ + y 2 )*y=325. /and w for *y; 
then the equations are changed into 

(v + w)(v-w)=48l \ . p + m? 481 37 «;_12 . 
and (v-w)v = 325 J * 4 t? 325 25 ' ' v~~25 ' 
12 / 12 2 \ , 481u 2 dftl 

.'. »=25 .*. w = 12 ; 
that is, .r 2 + y 2 =25, jy=12 ,\ * 2 + 2xy + y 2 =49 

.-. jp+ y=±7, y=±l •*• *=4, y=3, 

or x='3, y=4, or — 4, y= — 3, or x= — 3, y=— 4. 

Note. —It is plain, from the symmetrical form of each 
equation, that x and y may be interchanged ; and that what- 
ever pair of values answer, the same pair with changed signs 
will also answer. 
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(69.) j,'-2 v /(2fly-y-)=5Vfly. 1 Add 16ay to each side 
x"—8xVay=2ay — 9y 2 . J of the second equation, 
tlien it becomes 

(^^4 x / fly )2 = 9(2 ay _ y - , ) ... J7 -4 A /ay=3 v /(2ay-y2 )< 

Hence by substitution the first is 

x 4- 8 v^y . . 

^ — bs/ay /. x^l^/ay .\ x—/ay=.0. 

Subtracting this from the equation above, we have 
•3^/^ = 3 Vi^ay—y 2 ) ay=2ay-y~ .\ y=a x—la. 

(70.) * 6 +y 6 =— 7V 1 Put + and y 2 =xr— r, then 
, } V 2 J the equations are 

(z + t7)2 + (xr— v) 2 =l ; 

1 1— 2* 3 v/2 

that is, 2^ + 6rt*=^.-.t?= 6 ^ 

1 — 22- 

2z 9 +2w s = 1 ,'.» 2 = 2 
l~2a 3 v /2 1-22 2 , _ l-( #% /a)i x(> 

.% =-^- ' that 1S > "~SvT~" 1 " <V2) 2 . 

Divide by 1 — r>/2, 

' l + r^/2 + (r> v /2) 3 =(l+V 2 ) 3 -'>/ 2 - ( A )- 
fcince the equation is thus divisible by 1—^^/2, it is satisfied 

for 1 -f-r^/2=0 z=-^ (see Note, p. 56,) 

1 — 2xr* 3 1 1 

= V — ^=0.'. x= y/(z + v) = -T^,y = s/(z-v) = -y^ 

Tlicse are the values in the book : other values are obtained 

— 1 ± a/3 

irom the equation (A), which gives z= ^ — • 

* 

(71,) x 7 — y 7 =127.1 Raising the second to the seventh 
x— y= 1. / power, subtracting the result from the 
first, and dividing by 7ary, we have 

1 8 

x 5 -3x*y+ 5^y 2 ~ 5*V + &ry 4 — — 

.ry 
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But (x - y) 5 = x 5 — 5 x A y + 1 (Xr 3 y 2 - 1 (Xr 2 y 3 + 5.r y 4 - f = 1 

• 18 
.\ 1x*y- 5«y+ 5.r 2 y 3 -2>ry 4 ^j^" -1 

2jr* — 5vT 2 y + oxy 2 ~2y 3 
Also 2(*-y) s =2**- G.r 2 y + Cry 2 -2y 3 =2 

But i*— y=l .*. jry—xy-=(x— y)xy = .ry 
.\ (j7) 3 + 2(^) 2 + j-y-^18 = 0. 
This is evidently satisfied for xy = 2 ; and since (.r— y) 2 =], 
.\ (j:-y) 2 4-4jry=(2'+y)2 = 9 ... ^-f y=3 .-. x=2, y=l. 

(72.) ,r-f-y-f~ = 3a. Multiply the second by x t and 

,ry-f xj-{-yz=3a 2 . >subtract from the third: 

xyz — a^. J .-. — x 2 (y + r)=rr 3 — 3« 2 .r. 

Multiply the first by x 2 , and add to this, then 

a ;? =« 3 -3a 2 r + 3*r 2 .\ fl 3 -3a 2 x + 3*rW<=0 ; 

that is, (a— ,r) ; *=0 .'. x=a. 

In like manner, by employing y instead of x in the foregoing 
steps, we shall have y=ff, and by using z> z=a. 

(73.) xy=x+y. \ By division, these equations be- 
xz—2(x-\-z). >come converted into the following: 
yz=z 3(y + z) . J namely, 

1 1_ 1 1_1 1 1_1 
•r + y"- 1, x + z-2' y + z"3 

111111 _ 1 1 2 
.-.---=-, also and "--=§ 

2_7 2_5 2 __I 

5 2 
x=\z, y=2T, 2= — 12. 

(74.) j^+^+^ss 14.1 Subtracting the second from the 
a:- + y=3. Sthird, 

r 2 + y=ll. J Z 2 -X 2 = 8. 
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Adding to the first, 2z* + y* = 221 . o . 
Twice the third, 2* 2 + 2y=22 J ' " y ^ . • • 

jr= v /(3-y) = ±l, r= x /(ll-y)=±3. 

(75.) .ry4-~ = 5. ] Multiplying the first by r, 

jryr =4. >and subtracting the second* we 

2(**-y)=(y 2 -*)»J have 

r 2 =5ar— 4 .*. z^—hz— — 4 .'. r=l, or 4 .\ xy=4, or 1. 

4 . . 
Substituting - for y in the third equation, 

8 16 2 32 . _ 24 16 s 

*«+ 24x3=256 ,\ jt 6 +24xH 144=400 .\ * 3 4- 12= + 20 
x=2 .\y=- = 2, orj=- 2 A V4, y= — x'2. 

Substituting - for y in the third equation, 
„ 2 1 2 B 1 1 

Hence the values are x= 2, —2^4, 4- 1 ^ , . 

i/ = 2, - ^2, +1 ** 

(76.) ar + xy -f y 2 =13." > | Subtracting the third from the 
y 2 +ys + * 2 =49. )>second, and the first from the 
x 3 4-jrr + 2 2 = 31. J third, we have 

(y2_*8).f2(y-*):=18 
(* s -y 9 )+2(*~y)=18 

that is, (y — x)(ar-fy-f-z) =18. ... (A) 
(z-y)(x + y + z) =18.... (B) 
,\ ( z —x)(x + y+z) =36 (C) 

,\ (A), (B), y -x—z—y .-. z-\-x—1y 

12 

(C), (r-jr)3y=36 .\ z — x~ — 

6 6 

Substituting these in the third equation, 

/ 6\2 B 36 / 6\2 
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36 



that is, 3y 2 +p=31 .\ 3y 4 -31y 2 =-36 

* ^29 
36 



31 23 a 4 2 

•'•y 2 -6"=±T •'•r=9, org y=±3, or±^ 

6 , 6 

.*. *=y— - = 1, or —1 ; *=y+-=5, or —5 

.'. *= + l, y=±3, r= + 5. 

Another set of pairs may be obtained from y= Hh^-- 

(77.) jf- a y- l z=.H. "] Divide the second by the first, 
x-iy z 2 = 18. >and the third by the second, then 
jry2*3 =108. J we have 

.ry 2 r= 12, x 2 yz=6 

xy~z='2x~yz .'. y = 2x .*. 

Substituting these in the third equation, 

o 27 1 
t.4x 2 .^=108 .\-j=l t=±1 .\y= + 2, r= + 3. 

(78.) This does not appear to admit of solution by quad- 
ratics. 

Problems (Page 97). 

(1 .) Let x be the smaller number, then *+ 8 is the greater ; 
and by the question, 

* 2 + 8*=128 ,\ x 2 + 8jt-|- 16=144 

,\ j? + 4= + 12 .-. x=8, or —16 .*. x-h8=16, or —8. 

Hence the numbers are either 8 and 16, or —16 and —8. 

(2.) Let x, y represent the numbers j then by the question, 

*+ y=40, and x 2 + y 2 =818. 
Squaring the first equation, x% + 2xy + y*=. 1600. 
Subtracting, 2xy=782 .\ x 2 — 2,ry +y 2 =36 ,\ x— y=±6. 
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4 0±6 , 40 + 6 
But .r-f-y =40 .\ x=~ — - — , and y = — ^ — I 

that is, j?=23, or 17 ; y=17 or 23. 

Note. — As observed at p. 115, the values of x in a pair of 
symmetrical equations, when interchanged, always give those 
of y ; so that x in this example having been found to be 23 or 
17, we might have inferred that y is 1/ or 23. 

(3.) Let x be the magnitude, then we are to have the 
condition, 

1 5 
x=~+l *s=l .*. x 2 —x + i=- 

X 4 

*~i=W* *=i(l±\/ 5 )- 

(4.) Suppose he bought x sheep, then the cost price, in 

1200 

shillings, of each, was — — ; and the selling price of each of 

the x— 15 disposed of was ~"yj shillings: hence by the 

question, 

1200 1080 

+ 2= rp .\ clearing, 2x* + 90x= 18000 

x x — 10 

(45V 38025 

45 195 
x+— = ±— .\ x=75, or —120. 

Hence the number of sheep was 75; the — 120, although 
satisfying the algebraical condition, being excluded by the 
nature of the question. 

(5.) Suppose they finish the work in x hours; then by the 
question, a alone could have done it in x+6 hours 
b ,, x-f* 15 ,, 

C ft ft tr 2<3? t f 

Hence the parts of the whole they can severally do in one 
hour are 

1 1 1 

?+6' xTTs' and 27 

Consequently, as x times the sum of these parts make up the 
whole work, we must have 
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m 

X X 1 _x_ x 1 

x + 6 + x~+ro + 2 =lt0r x^ + x + 15~2 

Clearing fractions, and transposing, 

3x 2 + 21.r=90 .r 2 + 7,r=:30 .'. * 2 +7.r + 

7 13 

Hence the time occupied is 3 hours. 

(6.) By Prop. 35, Book III., of 
Euclid, 

CD 2 

AEX E B = C E-=-J- • 

By the question, ae = 25, 

and e b=-£c d — 16. 

Hence, representing the line c d by 
x, we have 

/4 \ x* 

or 20^—400=-^- 

.-. j? 2 -80^=-1600 .'. x 2 - 80^+1600=0 .*. x=40. 
Hence the length of the path c d is 40 feet. 

(7.) Suppose he bought x oxen, then the price of each was 
240 

pounds, also the price received for each of the x— 3 sold 

x 

240 

was — + 8 ; and therefore the money received for all of 
them was 

(240 \ 
— + 8 1=240 + 59 by the question; 

240(*-3) 
that is, -+&r— 24=299, 

720 

or 240- + 8*- 24 =299 
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o 83 / 83 V ™ / 83 Y 2992 9 

83 173 83+173 45 

/ -^"16 =± T6' •'•*= 16 = 16 ' ° r " 
Hence the number bought was 16. 

(8.) Let x be the number of persons, then by the question 

72 

the share of each would have been — shillings ; but it appears 

72 1 

that each of the x— 2 persons paid — -f-g shillings. 

/72 1\ 72(x-2) x 

x 2 -2x=288 .-. x 2 —2x-f 1=289 ,\ x-l = ±17 

x=18, or —16. 
Hence the number of persons was 18. 

(9.) Suppose he began with x shillings: then at the end 
of the first game he had 3x— 16, and at the end of the second, 

■J-(3x— 16) -f-x=80, by the question, 

3*- 16 + 5*= 400 .\ 8x=416 .\ x=52. 

Consequently, he began with 52s. 

(10.) Suppose the breadth to be x yards, then the length 
must be x+ 10 yards ; and since the length multiplied by the 
breadth is the numerical value of the surface, we have the 
equation 

x 2 +10x=3000 x2+10x + 25 = 3025 
x + 5 = + 55 .\ x=50, or -60 .'. x + 10=60, or —50. 
Hence the length is 60 yards, and the breadth 50 yards. 

(11.) Suppose a put in x pounds, then as this sum was in 
trade 1 2 months it is the same as if 1 2x pounds had been put 
in for one month. In like manner, b's contribution is the 
same as .£480 for one month : and since the whole stock is to 
the whole gain as a's contribution to that stock is to his share 
of the gain, we have the proportion 

12x+480 : 12x : : 18 : a's gain, or x-f 40 : x : : 18 : a's gain; 
therefore, by the Rule of Three, 
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is* 

j ^_^q =a , 3 gain = 26— * by the question 

18*=(* + 40)(26-*) = 1040-14*-* 2 
• ** + 32*=1040 .% * 2 + 32* + 256=1296 
.'. * + 16= + 36 ,\ a- =20, or —52. 
Consequently, a contributed £20. 



(12.) Let the side of the smaller square be * feet, then the 
side of the other is x-f 12 feet : the number of square feet in 
these is X s and (x+ 12) 2 , so that the number of square stones 
in the two is * 2 +(* + 12) 2 =2120 by the question : therefore, 

2*2 + 24*+ 144 = 2120 *2+ 12*=988 

.\* 2 +12*+36 = 1024.\* + 6= + 32 .\*=26.\* + 12=38. 

Therefore, the sides of the squares are 26 feet and 38 feet 
respectively. 

(13 J Let x be the number of pounds the horse cost : then 
the gam was 56—*, which by the question is a gain of * per 
cent. : that is, 

*:56-* : : 100:* .\ * 2 =5600— 100* 

* 2 +100*=5600 .\ * 2 + 100* + 2500=8100 

*+50= + 90 .\ *=40, the number of pounds. 



(14.) Let the two numbers be * and y: then by the 
question, 

*-y=6 (*-y) 2 =36 2*y=* 2 +y 2 -36. ... (A) 
^yC^+y 2 ) =4640 .\ (* 2 +y 2 -36)(* 2 + y 2 ) = 9280; 
that is, (* 3 +y 2 ) 2 -36(* 2 + y s ) = 9280 
(* 2 + y 2 ) 2 -36(* 2 +y 2 ) + 18 3 =9604 
.-. *2 + y 2 -18= + 98 .-. * 2 + y 2 =116. . . . (B) 
.-. (A), 2*y=80 (B), *+y= N /196= + 14. 
And since*— y=6 .\ *=10 andy=4; or *= — 4, y— — 10. 

(15.) Suppose they travel * miles an hour and y miles an 
hour respectively : then they will have finished the journey in 

150 150 

— hours and hours respectivelv ; 

* y • 

150 150 

and by the question, *=y+3, and — 4 8|=— • 

G 2 
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Clearing, 450y-f 25.ry=450.r, or putting y + 3 for x, 
450y + 25y 3 -f 75y=450y + 1350 ,\ 2oy 2 + 75y= 1350 

.-.y 2 + 3y=54 ... y 2 + 3y+ _ = _ 

y+*=±7* •'• y=6 *=y + 3=9. 
Hence a travels 9 miles an hour, and b 6 miles. 

(16.) Suppose x to be the portion of the whole the man can 
do in 1 hour, and y the portion the boy can do in 1 hour : 
then by the question, 

10,r + 6y=l, and 6x + 10y=f. 
Subtracting, 4x — 4y=|.\.r— y = — 

Adding, 16x+\6y=% x + y 



_9 J_ 



These are the portions done in 1 hour by the man jftd boy 

respectively. Hence, 1 hour's work of the man is worth 9 
hours' work of the boy. Suppose, now, the man to work z 
hours, and therefore the boy z—5 hours : then 

9z z—5 

~f" y q -— 1 . * . 1 Oz ~ 101 . * • z ~ = - 1 Oy^Q- . * . z — o — 5 \ 
Therefore, the man works 10^ hours, and the boy 5 T V hours- 

(17.) Suppose the stream runs x miles an hour, and that 
the rower could go y miles an hour in still water : then when 
assisted by the stream, he goes y + x miles an hour, and when 
opposed by it, y — x miles an hour ; so that he goes the 20 

miles in the one case in — — hours, and in the other case in 

y + x 

20 

^ZT^ nours : these times are by the question as 2 to 3 ; that is, 

60 _ 40 JL__JL =0 (A) 

y + x y—x''y + x y—x * ' 

20 20 2 2 

And moreover— +—=10 .-. = 1 • ...(B) 

Adding these equations, we hare 

5 10 25 5 

— =1 . . y+«=5 .-. (A).y-x=Y .\y=-g-,*=g- 
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20 20 

Also, — ; — =4, and =6 ; 

'y+x y— x 

hence the stream runs £ mile an hour : the time of going with 
the stream is 4 hours, and of returning 6 hours. 

(18.) Suppose there were x men in the front of the wedge, 
then in the next row behind there were or— 1, and in the third 
row x — 2 ; behind this row the space was vacant. 

In like manner, for the three rows in cither of the other 
sides of the wedge, we should have x, x— 1, and x— 2 men. 
But it is plain that each corner of the wedge — composed of 9 
men — is thus counted twice; so that three times 9 or 27 
must be deducted ; that is, 

3{.r+(.r-l) + (.r-2)-9}, or 9*-36 

is the whole number of men. Hence the number of men 
forming the hollow square is 9x— 36 — 597, or 9jt— 633. The 
number of men in the four rows of each side of this square 
would be the fourth part of 9x— 633, were it not that each 
corner of the square — composed of 16 men — would thus be 
reckoned twice; consequently, if four times 16 be added to 
the entire number of men, then a fourth part of the whole will 
correctly express the number in each of the sides, and there- 
fore a fourth of this the number in the front row. 

9* -633 + 64 9x-569 , , 

•\ Yq = 16 = \Ar-f-l by the question, 

9jt~585 

= sjx .\ 9.r-5S5 = 16 v /* 9,r-16 v / t r=585 



16 



16 64 5329 8_ 73 



9 v ' 81~ 81 ' ' ^ 9 
m \ ^=9, x=8i .*. 9a: — 36 = 693. 
Hence the number of men in the wedge was 693. 

(19.) Let x be the number of pounds contributed by a, 
then 100— x is the number contributed by b. The profit 
awarded to a is 99— a*, and to b, 99 — 100 +.r, by the ques- 
tion ; also (see solution to Question 11), 

3x-f 2(100— x) : 98 (sum of profits) : : Zx : 99 — x t a's profit ; 

that is, .r + 200 : 98 : : 3* : 99 — x 
.-. (r-f 200) (99-0-) = 294* .\ ^ + 395t= 19800 
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/395\2 235225 

395 485 
•*• X + ~Y=±~2~ *=45 .'. 100-,r = 55. 

Hence the contributions were ^45 and £55. 

(20.) Suppose the rates of marching were x and x+\ miles 
an hour; then the respective times of completing the 39 miles 
39 39 

are — and -— [ hours ; and by the question, 

39 39 39 156 

T~ 1= ^' or ir-i- 



* + * 4,r+l 
156*+ 39-4* 2 -x=156 ,\ 4^ + ^=39 

9 # 1 _39 _l__G25 
•••^+ 4 + 64 - 4 + 6 4-"64 



I 2o 



was 



Therefore the rates were 3 and 3£ miles an hour. 

(21.) Suppose a dozen of sherry cost x pounds: then for 

£10 there were — dozens; and,. by the question, for £6 
, 10 

there were —-3 dozens of claret, so that the price of 1 dozen 

b ^\x ~~ V' or 10- 3*' Consequently, by the question. 
72x 

7ir +10— 3i =5 ° •'• 70^-21^-1- 72x= 500- 150* 

21,r 2 ~ 292*= — 500 
0 _292 , /146\ 2 _ 21316 500 10816 
21^ + V21/ -^1 2 ~"¥T == "2F" 
. T H6 104 250 6x 

• ' *~ 21-±^T *= 2 or 2T KT=3i= 3 - 
Hence the sherry was £2 per dozen, and the claret £3. 

(22.) The first arrangement of the troops was evidently 
into two squares, since there were as many ranks in each as 
men in front. Let x be a side of one square, and y a side of 
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the other : then J^+y 3 expresses the number of men. In the 
second arrangement, the men in the square a or j? 2 had y men 

in front ; hence, the number of ranks was — ; in like manner, 

the number of ranks in the second arrangement of the square 
y 2 

b or y 2 was - : by tjie question, both these numbers together 
make 9 1 : hence we have these two equations ; namely, 
x + y = 84, ^+^- = 91, or^+y 3 =91xy. 

Substituting 84-y for x, (84—y) 3 +y 3 =91y(84-y) ; 
that is,84 3 -3 . 84 2 y + 3 . 84y 2 =91 . 84y-91y 2 . 
Or dividing by 7, 

12 . 84 2 -3 . 12 . 84y + 3 . 12y 2 =13 . 84y-13y 2 . 
Transposing, 49y 2 -49 . 84y=- 12 . 84 2 .\ y 2 -84y=-12 3 
... y2-84yH-42 2 = 42 2 -12 3 =36 
.-. y— 42= + 6 .\ y=36, or 48 .\ *=84-y=48, or 36. 

Consequently, the number of men in a side of the square a is 
36, and the number in the side of the square b is 48 ; or the 
conditions will be- equally satisfied if 48 be the number in the 
side of a, and 36 the number in the side of b : the number of 
men in the square columns are, therefore, 36 3 and 48 2 ; that is, 
1296 and 2304. 

(23.) Let x represent the number of pounds in a's capital : 
then, by the question, A gains 11— x, which is at the rate of 

ioou I-*) i vmm _ M . , 

per cent. This, therefore, expresses b s capital ; 

and since <£36 is his gain, b's gain per cent, must be 3600-*- 

100(1 1-*) 

1 - ' — 



36x 



x = rr^r ; 80 t k at> ky tne question, 
100(11-*) 144x 

— -y[ZT x •*• 100(1 1-j) 2 =144^ 

10(1 l-x) = 12a: 22x=110 .\ x=£5, a's capital 

100(1 l-x) 
=£120, b's capital. 



(24.) Let x represent the number of men in front at first, 
then the number in depth was x -f 5. But after the appear- 
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ance of the enemy the wimber in front was #+845, and the 
number in depth 5. The total number of men being the same 
in both arrangements, we have 

#(# + 5) = 5(# + 845) .\ # 2 =4225 .\ #=65 

#(# + 5) = 65 . 70=4550, the number of men. 

(25.) Let 6# represent the whole number of gallons, then 
by the question there were 3# + 25 gallons of wine, 

and 2#— 5 „ cider 

.-. 6#=5# + 20 .'. #=20. 

Therefore, there were 3# + 25 = 85 gallons of vrine, and 
2#— 5 = 35 gallons of cider. 

(26.) Suppose the number of feet in the base to be # ; then 
the number in the hypotenuse is # + 6. And therefore (Euc, 
47 of I.) 

(# + 6) 2 - # 2 = perp . 2 = (# + 6 - 3) 2 = (# + 3) 2 ; 
tha! is, 12#+36 = 12(# + 3) = (#*+3) 2 .\ 12=# + 3 .\ #=9. 

Hence, the base is 9, the perpendicular # + 3=12, and the 
hypotenuse # + 6=15. 

(27.) Suppose the left hand digit to be #, and the right 
hand oney; then the number is expressed by 10#+y; and, 
by the question, we hate the equations, 

(10#+y)#=46, and (#+y)#=10. . . . (A). 

Subtracting the second from the first, 9# 2 =36 .\ #=2 

6 

.-. (A), 2(2 + y) = 10 y=^=3: hence the number is 23. 

(28.) To avoid fractions, suppose a's stock was 40#, then 
by the question, 20#+ 100 was b's stock, and 3#+ 15 was a's 
gain; consequently, 100 — (3#+ 15) = 85 — 3# was b's gain. 
And as the gains are as the stocks contributed, we have the 
proportion 

40#: 20#+100:: 3#+15 : 85-3#, 
or 2#: # + 5 : : 3#+ 15 : 85— 3# 
.-. 2#(85-3#) = (# + 5)(3#+15) 
or 170o:-6j 2 =3# 2 + 30#+75 .\ 9# 2 — 140#=-75 



J 2 — 7T + 



140 ^70y_^70y 75 4 2 25 



9 \9 / "\ 9 7 9 SI 



Digitized by Google 



PROBLEMS. 129 

70 65 %m 5 

•\ x— -g-=+-g- .'. jt=1o or g- 

Rejecting the second value, we have 

40.r=£600 a's stock; 20* + 100=£400, b*s stock 
3.r+15=£60, a's gain; 85-3.r=£40, b's gain. 

(29.) Suppose b went 2x miles a day, then a went 2.r + 8, 
and, by the question, they met in x days. Consequently, the 
part of the 320 miles travelled by a was 2x 2 +8x miles, and 
the part travelled by b was 2ar miles ; therefore, adding these 
parts, 

4.r 2 + ar=320 .-. 4x 2 + 8.r + 4 = 324 ; 

that is, (2* + 2) 2 =324 .\ 2<r + 2=±18 .'. j?=8 

a went 2jt + 8=24 miles a day ; and b, 2x= 16 miles a day ; 

a's part of the distance was 2.r 2 + 8*r= 192 miles, and b's 
2*2=128. 

(30.) Let x and y be the depths in feet : then the side of 
the square base of the former is y, and that of the latter x. 
The capacities of the vats are therefore xy*, yx~ ; and by the 
question, 

4 

xy' 2 =yx* + 2<k and 4xy°~ = 5yx 2 .\ x-^V 

|y 3 =yy 3 + 20/.^y 3 =20 y 3 =5 3 - V=* .-. *=gy=4 

Hence the depths are 5 feet and 4 feet. 

(31.) Let the sum of money be represented by tfix, and for 
a write nH ; then, after a's deduction, there remains 

rfix— n 2 (x + b)=n*(n— — n~b. 
After b's, n*{(n-l)v—b}~n{(n—l)g--b}—n*b=r 

«(» — !){(«— l)x— b} — n~b\ and after c's, 
n(n-\){(n-\)x-b}-ri 2 b-{n--\){(n-->\)x--b} 
-f nb — nrb=0; that is, 

„ 1 „ 3h 2 -3/i4-1 
(»-l) 3 *-(n-l) 2 $-2n 2 £-h;i&=0 .\ *=— — y^-£. 

Hence, putting jj5 for b, we nave for the sum n 3 x— ^ n _\^ a ' 

g5 
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(32.) The first remainder is evidently a (l : 
the second is a ^1 — - ^ ^1 — — ^» 

, . the fourth is 

the sixth is a (l-±)\l-lJ. 

And generally the 2pth is a ( 1 ~*!t)' ' 

This is the remainder left after 2p days' journey, so that a 
diminished by it is the distance gone over in 2p days ; that is, 
the distance gone over is 

■ 

Inequalities (Page 103). 

(5.) Taking the square of each, we have to consider 

17 + 2^/70 and 21 + 2^57, 
or 2V70 and 4 + 2^/57, or *JfO and 2 + V 5 7» 
or squaring, 70 and 61 +4^/57, or 9 and 4>/57. 
The latter quantity is evidently the greater, so that 

(6.) From the first inequality, 4x— 7<2j? + 3, 2,r< 10 ,\ ,r<5. 

From the second, 3j?+1>13-#, 4x>12 .'. *>3. 
And the only integer less than 5 and greater than 3 is 4. 

a + b 2ab 

(7.) The expressions — g— * in a common denominator 

are 2{a + b) > hence we have to compare 

and 2a&, or (a— 6) 2 and 0. The former is always the greater 
except when a = 6. 

Again, the expressions a 5 + 6 5 , a 4 b + ab A are unequal only 
when a and 6 are. Let a>6, that is, let a=6-f x; then the 
expressions to be compared are 
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(6 + .r) 5 + 6 5 , and (b + x) A b + (6 + x)b\ 

or 26 5 + 5ft 4 * + 106 s ** + I0b' 2 x 3 + 56a: 4 4-jt 5 , 

and 6 5 4- 46 4 .r + G^x 3 + 46V + 6.r 4 + 6 5 + b*x, 

or 46V + 66V + 46x 4 + x 6 and 0, 

of which the former is the greater, a and 6 being regarded as 
positive. 

Otherwise, o 5 + 6 s — (a 4 6 + a6 4 ) = a 4 (a - 6) - 6 4 (a - 6) = 

(a 4 — 6 4 )(a— 6). Now whether a be greater or less than 6, 
these two factors must have the same sign : therefore, the first 
member of the equation must be positive .'. a 5 + 6 5 >« 4 6-t-a6 4 . 

(8 . ) Since 3 (n 2 — n + 1 ) - (» 2 + n + 1 ) = 2n 2 - 4n + 2 = 2 (n - 1) 2 
is a positive quantity, except in the single case » = 1 

.-. 3<»»-»+i) >»=+»+ 1 ••. ^*+l >i 

Again: 3(n 2 .+ n+ 1)— n 2 -n+ l=2» 2 +4fl + 2=2(B+ l) 2 is a 
positive quantity, except in the single case n~— 1 

.-. 3(» 2 +»+i)>» 2 -»+i .-. jjs5r+!< 8 ' 

The extreme limits of the real values of the proposed fraction 
are therefore 3 and \ : which extreme values arc furnished by 
»= — 1, and n=l : for all other values of n the fraction lies 
between the limits 3 and \. 

Proportion, Variation, &c. (Page 114). 

3 4 27 28 
(1.) j> ^3 •'• the greater ratio is 4 : 9. 

2 12 8 _ . 

(2.) 9 x "5 _=: y5 •'• the compound ratio is 8 : 15. 

m 3y 2 x 2 m 
) 6V X ~n~ X 2y 2= 4« **' compound ratio is m : 4//. 

(4.) The expressions to be compared are x — y and (x*— y*) 2 » 
or xh +y4 and x* — y*, the former of wljich exceeds the latter 
by 2y*. 

(5.) Since A varies as B A=mB. Similarly B=wC 
.\ A=f»»C ; that is, A varies as C. 
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a c ma mc 
(6.) If a :b::c:d, then -j ±n=-j±n. 

pa pc 
Also, j±q = J±q- 

Hence, dividing the former equation by this, we have 

ma±nb = mc±nd^ Con8equentlVf 
pa±qb pc±qd 

ma + nb : pa±qb : : mc+nd : pc±qd. 

(7.) These are the same as the equations 

x=y + 12 and 5 s /xy=2( < x + y) (A). 

Squaring the second, 25xy=4(x+y) 2 . 
Also from the first, 4 . 12 2 =4(.r-y) 2 . 
Subtracting, 25xy— 4 . 12 2 =1 6xy .\ 9xy=4 . 12 2 .ry=64 
.\ (A), 20=.r+y, and I2=x-y x—\6 t y=4. 

(8.) Here we have to compare 

^(a*-b*)+ V{a*-(a-b) 2 } and a.... (A), 

or V{* 8 -("-*) 2 } and «-V(<*-**j i 

or squaring, 2ab — b~ and 2a 2 — 2a ^/(a 2 — ft 2 )— ft 2 , 
or b and a— >/(a 2 — ft 2 ), 
or ( a 2_^ and (a -ft) 2 , or 2aft and 2ft 2 , 

the former of which is the greater, because a>ft: hence the 
first of (A) is greater than the second. 

(9.) Put y=mx, then by the conditions 10= 2m 

.'. m=5 .'. y — 5x. 

(10.) Let 3a: be one number, then 2* is the other; and by 
the question, 5x x 6x 2 = 12(9**- 4.r 2 ) ; that is, d0x*=60x 2 

,\ x=2 .\ 3^=6 and 2.r=4. 

(11.) Put y 2 =m{ar-x 2 ) ,\ when x=0, ft 2 =roa 2 

ft 2 ft 2 
.•.m~^/.y 2 =^(a 2 -^). 

(12.) These are the same as the equations 

b*x=a s y, and ft^(c-f x)=a&(d+y). 
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• 

Cubing the second, b z (c + x)=a*{d-{-y). 
Subtracting the first, £ 3 c=a 3 rf. 
Multiplying this by the first reversed, aWcy^crWdx .'. dx=cy. 

(13.) Let x be the first number and y the common ratio, 
then the three numbers are x, xy, and xy z ; and by the question, 

x-\-xy + .ry 2 :=52. . . . (1). 

Also jr + xy- : xy : : 10 : 3 .\ 3Cr + <ry 2 ) = Wxy (2). 

From the first, x + xy 2 =52— xy. 
Substituting in the second, 3(52— xy) = lOxy 
xy=12, the mean or second number 

40 12 0 lOy 

■\ (1), * + .ry 2 = 40 l+y 2 =~; but*=ry .\ 

10 a 10 25 16 

y 2 — jy= -i -'-r-yy = j y= 3 * or t 
12 

t r=— =4, or 36 : hence the numbers are 4, 12, 36. 

y 

Arithmetical Progression (Page 121). 
' (1.) S=l +2 + 3 + 4 + +*=i»(n+l). 

(2.) 3(3 + 5 + 7 + to ten terms). Here a=3, <*=2, »=10; 
/. S = 3«{a + i(n-l)rf} = 30{3 + 9}=360. 

1 11 1 

(3.) Here a=^, </=-— — g, n=20; 

1 19 16 2 
n /I 2\ 130 2 

s= 5 (fl + o=io(a-23j=— g-=- 21 3 

(4.) Herea=l, d=7, n = \00; 
.\ S=»{a+i(»-iy} = 100{l + 346^}=34750. 

1 , 1 1 1 
(5.) Here «= 3^=4 -3 =—12' n== 12 ; 

... S=/i{a+K«-l)^} = 12{5-^}=4-5i=-li. 
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(6.) Here a=7, d=5i-7=-l£, »=9; 
.-. l=a±(n-\)d=7-\2=—5. 

7 2 7 1 
(7.) Here a =i2' d= Z~V2^\2' U = 24 ; 

7 23 30 1 
.•./=a + (»-l)i= T 2+ I 2= T - 2 =22 

n / 7 30\ 

S= § (« + /) = 12^ T 2 + - r2 j=37. 

(8.) Here we have the equation 

l=a + (n—\)d; that is, 17 = 3 + 286/, to find d; 
14 1 

c?==— =- ,\ the series is 3, 3£, 4, 4f, &c. 

(9.) Here a=l, <f=8, » = 100; 
.-. l=a + (ti 4- 1)^=1+792=793. 

1 3 11 
(10.) Here a=y d=^-^= 4 , n=\0 ; 

S=»{a + *(/i-l)d}=lo{^+| J=16|. ' 

(11.) Here a=198, d= -5, n=40; 
S=n |a + ^(n- 1)<* j =40 { 198 — ^ j =4020. 

1 111 

(12.) Here a=-^ d=-j,-- = --, n=20 ; 

1 19 35 5 

.-./=«+(«- i)<*=2-y=-6 = 5 6* 

1 2 17 

(13.) Here a=- , i= — -— -= — -, n= 13 ; 

S=«{a + K«-lW = 13H-7} = -84i. 

5 4 

(14.) Here a=-^, rf=y, »; 

f 1 1 r5 2(»— 1)1 » 

.% S=»|a + 2 («- l)rf j=n|- + 7 ; |=y(2n+3). 
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(15.) Here a=19 and n=5, also /=35, to find d. 
l=a + (n-l)d 35 = 19 + 4tf d—A. 
Hence the three means between 19 and 35 are 23, 27, 31. 
Again : fl=2|, w=7, and /=f, to find d 
/=a4-(«~l)rf 2|=2f + 6tf .\ rf=— |. 
Hence the five means between 2} and f are 2, If, 1|, 1. 

(16.) Here d=5, n= 15 and S = 600, to find a. 
S=*{fl + -K»-l)d} 600=15{a + 35} 
40=a+35 .• a=5. 

- 

(17.) S=n{a+i(n-l)d} /. 40=»{7 + «-l}=» 2 + 6« , 
.-. n 3 -|-6/i + 9=49 n-f 3= + 7 .\ n=4, or —10. 

(18.) Here a=3, n=10, S=165, to find d. 

s=w { fl + i(„-l)rf} ... 165 = lo|3-f^}=30-{-45d 

135 

/, d=^r =3 .\ the prog, is 3, 6, 9, 12, &c. 

(19.) Here 0=2* »=6, Z=6£, to find d. 

15 3 

l=a+(n-l)d 6i=2i + 5rf .'. rf=— 
Hence the four means, are 3£, 4, 4J, 5|. 

■ 

(20.) Here n=9, l=~\> and S=0, to find a and tf. 
n 9/ 1\ 1 

Also /=a+(»-l)d -^=4+ 8i .\ c?=-^- 

. 1 I 1 _ 
Hence the progression is 3+4 + 5+ &c * 

(21.) Here a=-l, w = 5, /=15, to find d. 
/=a + (n-l)tf 15=-l+4rf d=4. 
Hence the progression is -1, 3, 7, 11, 15, the three means 
being inserted. 
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(22) # Here a=l£, d=— \ t and S=6|, to find n. 

S=»{a + K«— l)d] 



.-. n 2 -21?i = -110 » 2 -21h + 



21 



/21\ 2 __1 
W ""2 



.*. » — -g-= +- .-. n=10. 

(23.) Two terms are interposed between 7 and 16; namely, 
the fourth and fifth : h ence, by insertitfg two means between 
these extremes, we shall find d, from having given 

a=7, n=4, 1=16. 

I=a + (n — l)d 16=7 + 3rf e?=3. 

Hence the series is 1,4, 7, 10, 13, 16, &c. 

30 

(24.) In this example, (J is evidently ^ and therefore the 

(j:— l)th mean — that is, the xth term — is l + (x—l)d= 
30(*— 1) 

1 + — — , and the seventh mean, or eighth term, is 
210 

1 -f 7d= 1 + — -r . And by the condition, 



210 5/ 30.r + 30\ 



... 9(*+l) + 1890=5(.r + 1) + 150*- 150 
V. 4(.r+l)- 150*= -2040 .-. 146*=2044 .\ x=14. 
Hence the number of means is fourteen. 

(25.) Let x be the first term, and y the common difference, 
then the progression is x, x+y, * + 2y, and by the question, 

3,r-f3y=10 .*. #-fy=3-^, the mean term 

also Cr4-y)Cr + 2y) = 33£ .*. 3i(* + 2y) = 33i 

.-. * + 2y=33i-^-3|=10, the' third term, 

and 2(,r+y)-(;r + 2y) = 6f-10=— 3|, the first term. 

(26.) Let the three numbers be x— y, x, x+y ; then we are 
to have 3x=15 .\ *=5 ; also (*— y) 2 -f x' 2 + (x + y) 2 =93. 



Digitized by Google 



ARITHMETICAL PROGRESSION. 13/ 

The second equation is 3,r 2 + 2y 2 = 93 .\ 75-t-2y-'=93 
y 2 =9 y = 3, and since x=5 the numbers are 2, 5, and S. 

* 2 -l 1 1 
(27.) In this example, a= — — -=*— - «?=-, n=w. 

1 1 1 

tea+(*-l)tf .\ (7i-l)-=*4-0i-- 2)- 

XX X 

„ n » f / 1\ , 1 I n 1 

S= § (« + /)= g |^--J+*+(«-2) J |=w +§ (»-S) ; . 

(28.) Let the three numbers be x— y, .r-f y ; then we are 
to have 3,r=24 .\ ar=8; also x(x*— y 2 )=480. 
Substituting the first in the second, 8(64— y 2 ) = 480 
.-. G4-y 2 = 60 .-. y 2 =4 .\ y = 2 
,\ the numbers are 6, 8, 10. 

(29.) Here a=n°—n+l, d=2, n=n. 
S=n{a + i(;i-l)rf} .-. S=»{n 2 -»-fl -fn-l}=w 3 . 

(30.) Let the numbers be x— 3y, x— y, #H-y, a? + 3y ; theu 
we are to have x~ — 9y 2 =27, and a? 2 — y 2 =35. ♦ 

Subtracting the first from the second, 8y 2 =8 .'. y=l 

.-. ^=36 x=6 : hence the numbers are 3, 5, 7, 9. 

(31.) Here l=a + (n—l)d=m, and l 1 =a + (m—\)d=n. 
Hence, to determine a and d, we have the two equations 

a-f (n — l)d=m 
a + (m—\)d=n. 

m—n 

Subtracting, (n—m)d=m—n .*. ^=^~^~ _ 1 

a=m — (ft— l)tf=ro+»— 1. 
Put now n x for the required number of terms, then 

S=» 1 {fl + i(a l -l)rf} 
i(m + n)(m + »-l)=M, {m+»— 1 — U n i — *)} 
.\ n 2 -(2m + 2?i-l)n 1 4-(m + «)(wi + «-l)=0. 

A mere inspection of this equation shows that the sum of 
the factors of the last term, taken with opposite signs, forms 
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the coefficient of the second term ; therefore (Note, p. 60), 
the roots are n x =m-fw, or n x =m+n— 1. 
For the last term we have, since d= — 1, 

l—a-\-(n j — \)d=m-\-n — \ —m—n-\- 1=0, 

or =m-ffl— 1— m— + l = 

(32.) Here a=4, n=60, 1=88. 
S=|(a + /) = 30(4 + 88) = 2760 feet. 

(33.) To find d in the last example, we have 

84 25 

l=a + (n-l)d ,\ 88=4 + 59o* rf=— = 1 — f ee t. 

To find the time occupied in travelling 5280 feet, we have to 
determine w, the number of seconds, from the equation 

S=/i{a + i(«=l)d} 5280=n |4 + ~(»-l) J 

.-. 5280x59=236» + 42/i 2 -42n 
.-. 42» 2 + 194ii=5280x59 



97 2640x59 
* + 21*= 2l 

97 /97\ 2 13093249 



_ 97 /97\ 2 
21* +V42/ = 



42* 

V13093249-97 3521-46 
.-. n= 52 = 42 nearly 

= 83*86 or 83|£ nearly. 

n 3a 2 
(34.) Here / = 4a ,\ S=^{5a) ; but S and w=|c? ; 

3a 2 » 3 a 

/=4a=a + (n-l)2/i, S=-j-=2(5a) .\ »=Jq 

« 

/3a \3a 

••• 4fl=a+ (To-V5 

/. 1 = l iq— 1 h •'• 60=3a .*. a=20 
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3a 

.*. w=jq=6 .*. c/— 2n— 12 

the series is 20, 32, 44, 56, 68, 80. 

(35.) Suppose that b comes up to a in x days after b starts, 
then b will have travelled x days, and have gone over 9ax 
miles. This, therefore, will be the distance a has gone over 
in x+4 days. 

S=H{a + i(/i— l)d} .\ 9ax=(x + 4){a + i(x + S)a] 

7 

that is, 9ax= ax + 4a + fax 2 + -gw + 6a 
. *" 

9 

-ax =£a«r 2 + 10a .\ ar—9x= — 20 

81 1 9 1 

.'. x~—9x + ^-=^ .'. *-2=±§ * =4 > or5 ' 

Note. — It thus appears that b will come up to A in 4 days ; 
will accompany him, and then be left behind by a at the close 
of the next day's journey : thus, 

a'b journeys, a, 2a, 3a, 4a, 5a, 6a, 7a, 8a, 9a 
b's „ 9a, 9a, 9a, 9a, 9a. 

In this latter way, the example may be very easily solved : 
when b starts, a will be a+ 2a + 3a-|-4a= 10a miles in ad- 
vance. Four ad ays after, a will have increased his distance 
by 5a + 6a + 7a + 8a=26a miles, making 36a miles altogether ; 
and b will have gone 9a x 4= 36a, the same distance. Then 
each goes 9a miles on the fifth day, reaching the end of that 
day's journey together; after which a takes the lead, and 
b never again comes up to him, for the distance between them 
increases by a miles every day. 

(36.) Suppose there were 2x persons, and that the youngest 
paid y pounds ; then, since the younger half, consisting of x 
persons, paid 22* pounds altogether, and that the whole 2x 
persons paid 345 pounds, we have 

S= n{a + i(n —l)d} 

22x= x{y + \(x -1)5}.,.. (A) 

345 = 2^{y + i(2x— 1)5}. . . . (B). 
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Subtracting twice (A) from (B), 

345-44,r=2,r | |r j =5^ 



44 

.\ 5x 2 + 44j: = 345 ,\ x 2 + -jx=69 



h47 69 



x 2 + — I - 1 -r - | = . :; - . ' . .r = 5 = i>> or - 1 



44 /22\2 2209 

+ T* + VT/ ="25- 
Hence 2x=10, the number of persons. 

(37.) The sum of n+ 1 terms is 

S=s(»+l>{aH-i W rf}=(n+l)(»+4) 

.-. a-f-£nd=n+l£ « + «rf=2»-f 2|— a (A). 

The wth term is a+(«— \)d; that is, substituting (A), 

nth term =2»-f 2f— (a + d) = 2n + 2-f — second term. 

But the second term is given by putting 1 for n in the expres- 
sion for the sum of n -f- 1 terms, and then subtracting the first 
term, or what that expression gives for n=0 ; namely, 1 J 

.-. nth term = 2n + 2f — 3£=2(»— |). 

Note. — The example may be solved otherwise, thus: 
putting n =0, the first term is 1|: putting »=1, the sum of 
two terms is 4f : hence we have a=ly, tf=4|— 2f =2, to find 
the expression for the nth term, which is 

1)2=2(71-1). 

(38.) Putting 1 for n, the first term is p + qu .putting 2 for 
n, the sum of the first and second terms is 2p+4q. Subtract- 
ing twice the first from this, we have d=z2q : hence we have 

a=p + q, d=2q, n—m 

/ =a + (n-- l)d=p + q + (m—\)2q=p-i~(2m — !)?• 

(39.) The proposed expression is the sum of n terms of an 
arithmetical progression: hence, putting »=1, the first term 
5 

is -j : putting n=2, the sum of the first and second terms is 

12 , . . ' 

"Y ; therefore, subtracting twice the former from this, we have 

2 _ 

rf=y. Consequently, the series is 

5 2 4 

1, 1~, 1_, &c, the parts required. 
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(40.) Let x be the first term, and y the common difference ; 
then, putting l=a, b, and c, successively, we have 

«=* + (/>— l)yl a -b=(p-q)y^ a _ b 

b=x+(q—\)y V\ >.\7 =- — - 

r=*+(r-l)yj b-c=(q-r)y J 0 c 

.-. (?-r)a-( ? -r)&=(/)--?)&--(/>--?)c 

.\ (gr-r)0+(r— p)b+(p — ?)c=0. 

.- 

Geometrical Progression (Page 133). 

(1.) Herea=3, r=2, n=6 ; 

r »_l 2 6 — 1 
.\ S=cr— p=3— y— =3x63=189. 

(2.) Here a =5, r=4, h=5; 

r"-l 4 5 -l 
S=fl^3j=5— =5x341 = 1705. 

3 2 
(3.) Here a=-, r=£, n=6; 

_ r"-l 3 (3) 1995 3__ J7_ 
.\ S-a— f_2 1 "7^" X 2- 4 162' 

""3 

2 

(4.) Here a=9, r = — n=8; 



128 
243' 



(5.) Here a=3, r=g, n=6; 

/IV 1 



6/ 2592 
(6.) Herea=l. r=-2, h=10; 
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(7.) Here a = 21, r=-y, 11=5 ; 

.-. l=ar n ~ l = 2][ — - I = - 

\ 7/ 343 

. „ rl—a / 3 \ 
AndS= _ = ^__ +21 ^. 

50424 6303 129 
""8x 343~" 343 - 18 343* 

1 2 
(8.) Here a= — ^ r= — n=5 ; 

1/2 V 8 

4 5 4 /5' 

(9.) Here a=-, r=-, n=n j ,\ /=ar»-* =- f - 

r7— g /5 5"~ 2 4\ 3_5 n — 2" 
r- 1~\2 ' 2«- 3 "~5/^2 = 572^ 

1_ 5"-2 n 

""15 ' "2^-s ' 



3 5 r n —l 3 

(10.) Here a=-, r=- n=8 .\ S=a r=y 

o o r — i o 

K5\7 6 "i 6 8 -5 8 

1288991 
S "~ 466560 ' 

1 

1 1 g 4 

(11.) Here a=- r= — -r .\ S=-; =- 

4' 4 1— r o 



(12.) Here o=l, r=-^ .-. S= r ^;=| 
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2 a 2 

(13.) Here a=2, r=-g .\ Ss=|^=g=lf 



1 a 3£ 2 

(14.) Here a=-3f r=-- S= rr ^=--^=-2^. 



I I 

(15.) Here a=-, and ar 4 = 1 28 ^r 4 .\ r= ^256= ±4. 

Hence the means are «r= + 2, 07^=8, + 32. 

(16.) Here a=5, and aH= 1080=5^ r= ^216=6. 

Hence the two means are or =30, ar>=\89. 

1 -11 
Again: a=9, and ar 4 =^=9r A .-. r= ^^=±3* 

Hence the three means are ar= + 3, ar 2 =l, 0^=+^- 

(17.) The conditions are S= j-^=2, and a-f ar=li. 
From the first, a=2— 2r .\ 2— 2r + 2r— 2r 2 =l| 

2r 8 =i .'. r=+i .*. a=2 — 2r=l or 3. 

Hence the series is either 

II 3 3 

1 + 2 + 4 + &C., or 3~2 + 4- &c - 

Note. — Since the sum of either series is 2, it follows that 

&c, to infinity =3^1-^+^- &c. to infinity.) 

And, generally, an infinite decreasing geometrical series, whose 
terms are all positive, is equal to the same series, with signs 

1 + r 

alternately positive and negative, multiplied ^JT^r ' ^ or ^ S 

fraction evidently expresses the ratio of the two sums. In the 
present example, r, in the series l+£ + i, &c, is |; and 
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1+r 3 2 

therefore YZZ7 = 2 X T =3, 80 ^ e ser * es * s tnree tmles tne 

> 

series 1— i+i— &c. 

*■ 

(18.) Let x be the first number, and y the common ratio ; 
then by the question, 

,ry=64, and x 3 +x 3 y s + x 3 / , =5&4. 

From the first of these, 

0 64 4096 , , 

y 3 =-^3 .'.y Q =—Q~, and the second is 

4096 

^ + 64 + -^-=584 ^ + 64^ + 4096=584^ 

.% a* { > r 520j? =-4096 .-. ^ 6 -520^ + 260 2 = 63504 
.r 3 - 260= + 252 r 3 =8, or 512 

4 1 

.-. x=2, or 8 .-. y=- = 2,or -J 

hence the numbers are 2, 4, 8. 

(19.) Let 2 represent the sum to infinity ; then 

r n — 1 a 
S=a r, and 2 = 



r-T 1-r 

a r»— 1 /IV 
••• T=;= 2 V=1 :-. -l = 2(r»-l) .-. r=( 5 )». 

(20.) Let the numbers be y ; then the arithmetic mean 
X-\-y 

is ~2~> and the geometric mean is */xy ; and by the condi- 
tions, 

i(*+y)+ V<ry=13£ . . 15 / g 

Cr+y) 2 -4,ry=0r-y) 2 = 225 — 144 = 81 .\ ^-y= + 9 
.-. ,r=3, y = 12 ; orx=12, y=3. 
Hence the numbers arc 3 and 12. 

(21 .) Suppose the leveret runs x yards before being caught ; 
%n the greyhound runs 100* .\ 100.r=100 + .r .\ 99^=100 

,\ j:=1^ 100+*= 101^, yards run by the greyhound. 
(22.) Let p represent the population at any period, and r 
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the rate of annual increase; then p(l-fr) is the state p t at 
the end of 1 year ; p 4 (l -f-r) =p(l + r) 2 is the state P a at the 
end of 2 years ; and so on. Hence, generally, the state p„ at 
the end of n years is p(l+r)». In the present example, 
p= 10000, and n=4 ; and the condition is that 

I0000(i+r)«=14641 ,. i +r =^ = li ... r= f Q . 
the rate of annual increase. 

(23.) The first two conditions are 

m=arP+Q~ l , and n = arP-i~ l 
,\ mn—a 2 r 2 P-* .\ s /mn=.arP- x 9 the/rth term. 

.. m m 

Also ~=r% and jj =ari- 1 ; but from the first of these, 
1 /n\E. m /n\Z 

The next two conditions are 

P arP~ l /P\ i 

/P\n-j» /pn> g \ i 

that is, ar't-^T^Jp-q^j^-^ Jp-q, the nth term. 

(24.) The conditions are that — t~ =-7T^=vM 

,\ ro + n==2^a6 .-. ma + nb = 2ab 1 

and wft + ji4 = 2V«*J ' SubtraCt 

.\ m(a-i) = 2i(a- x /^) = 26 A /r/(> v /a-\/ / ') 
_ 26 x /g( v /a- v /6) 2Z>^/q 

In like manner, by eliminating m instead of n, we should find 

2a<Jb 

as is sufficiently obvious without executing any work, for the 
foregoing equations remain unaltered, though m and n bt 
interchanged, provided we interchange a and b. 

H 
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(25.) S=a + ar + ar l + &c, ad. inf. = 

r»-l 

to n terms —a r 

r — i 

a 2 

s 2 ==a 2 + a 2 r 2 + a 9 r 4 + &c, ad. inf. =J3p> 

a 2 (l+r)- a 2 (l-r) ^, o a 2 ( l +r) +a 2 (l -r) 
(l- r) 2 ( i+ r) (1 _ r) s (1+r) 

S 3 -5 2 a 2 r r"-l 

.\ Sum to n terms =S 1 1 "~^ s a +g g ) } * 

Harmonic al Progression (Page 138). 

(1.) The extremes of the harmonic series being 2 and 4, 
those of the arithmetic series are £ and 

1 1 1 
f=a + (n-l)d .\ 4=2 + Zd .\ fc-^- 

5 1 

Therefore the two arithmetic means are and 3 : hence the 

12 

harmonic means are -^-=2f-, and 3. 

(2.) The eitremeaof the harmonic series are 4 and J 

1 7 

those of the corresponding arithmetic series are - and 

7 1 1 
I=a + (n-l)d .-. Y2 = 4" r " 4c? rf== 12 # 

15 1 

Therefore the three arithmetic means are --» y^, and g 5 
hence the harmonic means are 3, 2£, and 2. 

(3.) To find the arithmetic mean, we have merely to take 
half the sum of the extremes ; that is, j-(3f--f I J) =2 T V The 

1/8 2\ 

harmonic mean is the reciprocal of 2 (27 + 3) ; wnictl is 



Digitized by Google 



HARMONIC AL PROGRESSION. 147 

27 //27 3\ 

^=2^-; and the geometric mean is a / ( — • - J— 



v 



81 9 



(4.) The extremes of the arithmetic series are 5 and 11. 
1 1 =5 -f- 3d .'. d=2 the arith. means are 7 and 9 
the harmonic means are and 

. .274 
(5.) The corresponding arithmetic series is ^> yr» 

2 7 3 

where the common difference is o — rK = 7s » hence the conti- 

o 15 10 

nuation of the arithmetic series, to the extent of three terms 

i. ■ 19 16 13 and 1 - ' 2 - 5 
each, is jr. f5 . lT -_, _, _. 

Consequently, the required terms of the harmonic series are 

' • H' w 1A and 15, ~ n ' ~ 3 

(6.) Let the numbers be x and x+8 : their harmonic mean 

is the reciprocal of ^+^g)=| b ^ the q uestioD * 

10 

.\ x + 8 + x=jx(x + 8) 10x 3 + 62>r=72 
2 — / 3 iV_72 312 _ 1681 

x + 10 *+^jo/ -10 + 100~ 100 

31 41 



10 -MO 

Hence the numbers are either 1 and 9, or — 7| and f . 

(7.) Let the first term be x ; then the series is 

x, 2, 4^— t, 
and the corresponding arithmetic series is 

1 1 1 1 35 

? 2* 4-^-* * + 144 -Sox" 1 
144-35.r+35.r=144.r-35j 2 
.\ 35**— 144* = -144 

H 2 
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o 111 /72\ 2 _/m 3 144 Uj 
**' * 35 * + ~~\35/ ~~ 35 -35 2 



72\ 2 /72\ 2 144 144 

352 
72 12 

Hence the series is 2f, 2, If, or this reversed. 

(8.) Let x and y be the numbers, then the arithmetic mean 
is \{x+y), and consequently the harmonic mean is 

12f--J(.r+y); also, 

y)-12f+i(*+y)«*+y-12f:=lf . . . (A). 
Now, since an harmonic mean is twice the product divided 
by the sum, 

/.^=12f-i(*+y). : ..(B), 

From (A), *+y=14 (B) is -j| = 12|-7=5| 
•\ 2y=40 .\ #=10, y=4. 

- 

(9.) The geometric mean is \/xy, and the harmonic mean 

2xy , , . . 2,ry n . 

is J+J ! and b ^ the question, — =-\/^ 

Sy/^y » x'i + 2 xy+f m 2 Y^A m2 , 

7+y m T^— ***Hr + ;;=;?--* 

x 1 4m 2 -2?i 2 t 4m 2 - 2n 2 

Put "= z .'. z +-= n3 /. * 2 ~ n * *— 1 

4m 2 -2/i 2 /2m 2 -rA 2 4m 4 -4m 2 n* 
29 - n 2 + V~n 2_ ; = J? 
2m 2 -n 2 _2m 

a? 2m 2 - n 2 + 2m y/(m 2 - n 2 ) _ m 4- V (m 2 - n 2 ) 
"^y — w 2 "~m — >/(m 2 — ?r) 

that is, x : y : : m + V(™ 2 - n *) : OT — \/(m*-n*). 
Otherwise thus : Jjj-f Adding and subtracting 1, 
(y/a.-4-Vy) 2 ™ + » (yfo — y/yV» m-n 
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\A + v/y fm+n . . 

Dividing, ^_^ y =/\/ ^Z^ ■'• b y the principle at p. 37, 

x/g \/(m-f n) + \/(m — n) 

vV "" V( m + n ) — V( m ~~ w ) 
4? m + v /(m 3 — n 2 ) 

* 

(10.) This is what is called a recurring series : it is a parti- 
cular case of the series generated by the development of the 
fraction 

\-\-x Rem. 
J37Z^ =1 + 2*+ 3*2+ 5*3 + 8x*+ &c + l _ x _ J a - 

The sura of n terms of this series, in the case in which j?=l, 
may be ascertained as follows : 

l+ r + r 2 + r 3 + 

_ 1— y^ — r '2_ r '3__ fJn J ~V~ r J — 

1 + {r +!>} + {r(r+r')+r'*} + {r^+rr'+r' 3 ) + r' 3 } + &c.(A) 
In order that this may correspond to the series, 

1 + 1 + 2 + 3+5 + 8+ &c (B), 

we must have r+r'= l,r+r' 2 =2; that is, r+(l— r) 2 =2 

•*• r" m ~~ m r — 1 • • r —— * ^ •*• ^ — — ^ • • • • (C)» 

It is obvious that the conditions 

r+r'=l, r 3 +rr'+r' 2 =2, involve also n^ss — 1, 

which results from subtracting the second from the square of 
the first. These conditions render the two series (A) and (B) 
identical ; for the first three terms in (A) are thus made to 
" agree with those of (B), and any following term of (A) is the 
sum of the two immediately preceding terms : thus, taking the 
fourth term, 

(l-V)(r 2 + rr' + r' 2 )+r' 3 

=r 2 + rr l +r V2 -rr t (r+r') = {r 2 + rr' + r' 2 } + {r + r'} 

since )V= — 1 : so that the fourth term is equal to the sum of 
the two preceding terms ; and so of the others. Now, it is 
easily seen that the sum of n terms of (B), if increased by 1, 
will be the n + 2th term of the series (see Note below). 
Consequently, to find the sum of n terms, we have only to 
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subtract 1 from the n-h2th term. The n-f 2th term is seen 
above to be 

— » — .•. (C), the sum of n terms is 

Note.— That this property is general for all series in which 
any term is the sum of the two terms immediately preceding, 
may be proved as follows : t 

Let o, +a a +a 3 -r-a 4 + «» + «n+i +fln+2 + 

be any such series : then the conditions are 

a 3= a i+ a J 
♦ 

a n + l = &n-l + <tn ■ 

Hence, by addition and subtraction, we have 

a n + =a l +a l + a 2 +a 3 + a »- 

Consequently, if S» be the sum of n terms of the proposed 

series, 

If the law do not commence till the third term, then 

Binomial Surds (Page 142). 

( 1 .) Assume >/( 2 + V 3 ) = \A + \fv 
.-. 2 + V 3 =' r +y + 2 \Ay *+y=2, and 2 v /*y=V 3 
.-. 4ry=3 (j? + y) 2 — 4,ry = 4 — 3 = 1 .'. .r— y=l 

■"• *=4 y=4 •'• V(2+ V 3 )=/\/^+/\/| 

Again: assume + 2^/7) = xA+VV 
/. 8 + 2 x /7=<r+y + 2> v /.zy jr+y=8, and 2 v /xy=2 x /7 
.\ 4jy = 28 .-. (jr+y) 2 — 4^ = 64 — 28=36'.-. ,r-y = 6 
... x=7,y=l .-. V(8 + 2>/7) = 1 + ^7. 
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Lastly: assume(4 — ^/7)=>/r— s/y ,\ 4 —\/7=x+y—2s/xy 

x + y=4 and 2^/xy— *J1 .-. 4xy — l 
(j+y) 2 ~4 1 ry= 16-7 = 9 ,\ .r-y=3 

(2.) 1. Assume ^(8— 2<s/15)=zy/x— Vy 
,\ 8 — 2>/15=,r+y — 2sjxy #+y=8, and 2^/^ = 2^/15 
4xy=60 .\ (x -\-y) 2 —4xy=64 — 60=4 .-. ,r— y=2 

x=5, y = 3 V( 8 — 2 V15) = v/5 — V 3 - 
2. Assume >/(l— 4>/— 3)= Vx—\/y 
.'. \-4s/-S=x+y-2y/xy 
,\ x-f y=l, and 4>/— 3=2>/;ry .\ 4jy= — 48 

(.r+y) 2 — 4,ry=H-48=49 x—y=7 
.-. x =4, y=-3 VC 1 — W— 3) = 2— a/-3. 

3. Assume V{l + V(l-^ 2 )}=V« r + \ / y 
I + n/O— m 2 )=x+y + 2Vxy 
,\ j? + y=l, and 2 s /xy — y s /(\—m 2 ) ,\ 4*y=] — m* 
.-. (*+y) 2 -4*y= 1 - 1 +m 2 =m 2 .-. 

1+m 1— m 
x — 2 • y= 2 



/1+m . /1-m 
... V{1W(1 _ m3)} = ^_+^_. 

4. Here 3 x /3 + 2 v /6=V 3 • (3 + 2^/2). 
Assume V(3 + 2 a/ 2 ) = \A+ VV 3 + 2 x / 2 =*+y + 2V^y 
*+y=3, and 2Vxy=2 s /2 ,\ 4*y=8 
(j + y) 2 -4xy = 9— 8=1 y=l /. j?=2, y=l 

N /(3 v /3 + 2V6) = (l + V 2 )'v / 3. 

(3.) 1. Assume //(H + 8 N /3)=V^ + \/y 
14 + 8 x /3=^+y + 2V f ^y 
j-+y=14, and 2^=8^/3 .\ 4,ry=192 
(,r+y) 2 -4,ry=196-192=4 ,\ x — y =2 
.\ *=8, y=6 .\ V( 14 + 8 V 3 )=V 8 +^ 6 =( 2 + ^3)^/2. 

Assume V( 2 + \/3)= + Vy •"• 2 + '/3=,r+y + 2 v /.zy 
... ,r+y = 2, and 2 x /,ry= N /3 ,\ 4xy=3 
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.-. (jr+y) 2 -4xy=4-3=l .\ x—y=l 

>v/3 4-l v/3-hl 
^(14 + 8v/3) = V(2+ V3)^2= -^^2=^^-. 

2. ^-4V2=^(17-12v/2). 

Assume >/( 17 — 12\/2) = \/*—y/y 
.-. 17 — 12>/2=j? + y— 2>/ry x+y=17, and 2^^=12 V 2 
.-. 4.ry=288 (*+y) 3 -4xy=289 -288=1 .\ x-y=l 

x=9, y=8 .\ V(17-12 v /2) = 3- x /8. 
Assume \/(3— \/S)= \/j?— \/y 3 — >v/&=#+y — 2\Ary 
,\ *+y=3, and Isjxy— VS .\ 4xy=8 
(.r-fy) 2 — 4,ry=9-8=l jr-y=l, x=2, y=l 

v/(3-x/ 8 ) = \/2-l ^(-J- 4 ^2)=(V2-1)^. 

Indeterminate Coefficients (Page 145). 

a? ABC 
(1.) Assume ( ^_ 1)(x _ 2) =v^Ti +^+^2= 

AQr-l)(j-2)+B(.r+ l)(j-2)-hC(j g -I) 

(^-l)(^-2) 
.-. ^=(A + B + C)*2-(3A + B).r + 2(A-B)-C 

.\ A + B + C = l, 3A+B=0, 2(A + B)-C=0. 

From the second of these, B= — 3 A .*. from the third, C = 8A, 
so that the first is 

1 1 4 

A-3A + 8A=1 .\ A=£ B=-~,C=^ 

Hence the fractions are 

1 1 4 

+ 



6(x-l) 2Gr-lK 3(.r-2) 
1 + 2x 

(3.) Assume 2 = 1 + Ag + Bjf* + + &c, 

Multiplying hy 1— x + x~, we have 
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l + Atf + B^ + Or 3 * D* 4 + &c.l 
— Ar 3 — B^-Or 4 — &c. > = l + 2x 
—x 2 - Ax 3 - Bx 4 — &c. J 

•\ A- 1 = 2 A=^3; B-A— 1=0 ,\ B=4; 

C-B-A=0 .;. C=7 

D-C-B=0 D=ll, &c, 

where each coefficient after the second is the sum of the two 
immediately preceding coefficients ; 

13^1^2= l + 3j: + 4<r + 7^+11^+ &c. 

(3.) Assume V(l +*) = 1 + Ar + Bj^+Gr* -fD* 4 + &c. 
Squaring 1+ j=l-hAjr+ B^ + Or 3 + D.r 4 + &c.^| 
ft . _ 1 A* + AV+AB^ + AGr 4 * &c# , 

.\ 2A=1 A=^ B^+AB^+BV + &c. y 

2B + A--0 . . B= — g = -g Da: 4 + &C J 

2C + 2AB=0 C=-AB=-j^ 

2D + 2AC + B-0^D=-5^=-3- 5 r6 . 

Ill 5 

V( l +^) = l + 2 x- 8 ,r2 + T6 a:3 ~f28 ,r4 ' f &c *' 
1 1 B 3 3.5 . _ 

° r=1 + 2 X -^l^ + 2T4T6 a:3 "-2T476T8^ + &C ' 

(4.) For the method of working this example, see the 
Appendix to the Algebra, p. 174. 

Binomial Theorem (Page 151). 

(2.) Here, only the first three of the coefficients need be 
computed 



sre, only t 
; namely, 



5 . 4 

1, -5, -j-; so that 
(a - *) 5 = a 5 — 5 a A x + 1 OaV - 1 Oa V + 5ax 4 - A 

, 7 . 6 21 .5 

(3.) The first four coefficients are 1, 7, — "IT" 

ii 5 
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.-. (l-^) 7 =l-7ar + 21x 2 -35x 3 + 35* 4 -21^-f-7j: 6 - l r7 

(4.) The three leading coefficients are 1, 5, 10, as in Ex. 1 ; 
(2*+ l) 5 =(2.r) 5 -f 5(2,r) 4 + 10(2a:) 3 + 10(2j«) 2 + 5(2x) + 1 
= 3 2r> + SO* 4 + 80* 3 + 40ar 2 + 1 0* + 1 . 

(5.) (c+x)- 2 ==c- 2 -2c- 3 J7+^c-V~^c-V-j- &c. 

1/ 2* 3.T 2 4.T 3 \ 

(6.) (i_^)i=i_^ + — &c. 

Variations, Permutations, and Combinations 

(Page 158). 

(7.) By permutation, Art. XXXII., ^=1 .2.3.4. 5 = 120. 

(8.) As 2 recurs twice, 3 lArte times, and 4 /owr times, we 
have by the general formula, Art. XXXIII., 

1.2.3.4 10 _ 5.6.7.8. 9.10 

^""1.2.1.2.3.1.2.3.4" 1.2.1.2.3 ~ 

5.7.4.9. 10=12600. 

<9.) Here V 4 = 8 . 7 . 6 . 5=1680, the number of changes. 

(10.) The number of variations of 2n+ 1 things taken n— 1 
together is 

(2»+l)(2n)(2»-l).. .. {2n+l— (ft— 2)}, 

and of 2n — 1 things taken n together, 

(2w-l)(2n-2). . .. {2»— l-(n-l)}. (Art. XXXII.) 

The last factor in the first of these expressions is n + 3 ; the 
last factor in the other is n. Hence, reversing the factors and 
dividing, we have 

(*+3)(n + 4) . . . ( 2tt -l)(2»)(2*+ 1) 2n( 2n-f 1) 

n(n+l)(n + 2).v. (2n N -l) ~~n(n+ !)(» + 2)' 
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Hence by the question, 



2(2»+l) 3 

=t.\ 20» + 10=3/i 2 + 9w + 6 



3ti 2 — llw=4. Solving this quadratic, we have w=4. 

(11.) By Art. XXXV., the number of combinations of n 
things taken r together is 

a(»-l)(n - 2).. .. {n-(r-l)} 

1.2. 3. ... 7* 

In the present example, w=52 and r=13, and 

52 . 51 .50 40 

l ■ 2 3 =635013559600. 

(12.) The general expression at Art. XXXV., when »=50 
and r=4, as in the present example, is 

50 . 49 . 48 . 47 

— — 2 .3 4 =50 . 49 . 47 . 2=230300. 

(13.) The expression for the number of combinations that 
can be formed out of n things by taking them first singly, then 
two at a time, then three at a time, and so on, is 2*— 1 (Art. 
XXXIV.) Hence the number in the present case is 

2 16 - 1=256 2 -1 = 655 35. 

(14.) The given conditions here are 

(m + n)(m + n—l)=56 
(m— »)(m— n — 1)= 12 ; 
that is, (m+/i) 2 -(m + 7i)=56 
(m— «) 2 — (m — ») = 1 2. 

Solving these quadratics, we have 

m -f-n = 8, m—n=4 .'. m = 6, n = 2. 

6.5 

The number of combinations of 2 things out of 6 is-jj — ^= 15 # 

(15.) By Art. XXXIV., the permutation of n things taken 
m together, when repetitions are allowed, is n m . In the pre- 
sent case, n= 12, m=5; and 12 5 = 144 2 x 12 = 24 8 832. 

(16.) Let each of the p things be represented by a, each of 
the q things by b, of the r things by c, &c. Then, as the 
combinations are to be taken 1, 2, 3, &c, and all together, it 
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is plain there will be as many of them as there are divisors of 
aPb < ?c r , &c. The question, therefore, is, to find the number 
of divisors of this expression, for each quotient will be a com- 
bination, except the quotient 1, arising from dividing the 
expression by itself. The divisors, not involving different 
letters, may be grouped as follows, the unit divisor being, for 
the present, repeated : — 

1, a, a 2 , a 3 ,. ... aP the number of which is p + 1 
1, b, b 2 , * 3 ,.. b* „ ?+l 

1 , C, C, C? t . . . . C r ,, T + 1 

&C. &C. 

In addition to these, there will be the divisors furnished by 
those several terms of the product 

(l+a + a-+ ...a*)(l+£ + 6 2 + ...*i)(i+c+c*+ ...c r )&c, 

which involve two or more different letters. 

All the terms of this product will, of course, include those 
grouped above, without any repetition of the unit, so that the 
total number of these terms will be the total number of com- 
binations, and one more as noticed already. Now, the number 
of terms in the product of thep+l quantities 1 + a-f« 2 + &c. 
by the # + 1 quantities 1-f 6 + 6 2 -r» &c„ is evidently (p+l) 
(tf + l); and the number of terms furnished by multiplying 
these 1)(? + 1) terms by the r+1 quantities l+c-f-c 2 ^ 
&c. is (/}+l)(o + l)(r+l), and so on. Hence, the total 
number of divisors is (p + l)(q + l)(r-f 1) &c, and the num- 
ber of combinations is therefore 

0>+l)(?+l)(r+l)&c. -1. 

(17.) By Art. XXXVI., the number of selections is 

40.42.45 .50=3780000. 

Compound Interest and Annuities (Page 163). 

(4.) By Art. XL., M=PR n , where m is the amount, p the 
principal, and r the amount of £1 for a single period; that 
is, r=1 +r, r being the interest of £\ for that period: also, 
h= the number of periods. 

In the present example, 

p=800, r=05 .\ r=105 and »=9 ; 

hence the expression for the amount is m = 800 x 1'05 9 , 
or in logarithms, log M=log 800 + 9 log 1*05 
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9 log l-05 = '0211893x9= '1807037 
log 800 2 9030900 



log 1241-063 . . . 30837937 

£ 

m = 1241-063 
p= 800 



441-063 .\ £441 1$. 3tf.=comp. int. 
20 



1-26 
12 



312 



(5.) The logarithmic formula may be written 

lOOr 

log M = l0g ( R »-l)+log A- log -j-qo 

=log (l-03 w -l)+ log 178 -log 3 + 2, 

r being =*03, and a=£178, because the interest and the 
annuity are both payable half-yearly 

log 1-03= 0128372 

18 



1026976 
128372 



log 1-03 18 =-2310696 
Corresponding number 1*702431 as 1 "03 1 



•702431 = 1-03 18 -1 



log (1'03* 8 — 1) = 1*8466037 
log 178=2-2504200 
2- log 3=1-5228787 

£ 

log m = 3-6199024 .\ m=4167'76 

=4167 15*. 2$d. 
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(6.) Each quarterly payment is £17 'o, and the quarterly 

1-25 mi m 

interest is ^1*25 per cent. ; so that 1QQ =r. The formula 

for v is 

log v= log (1— R~ n )+ log a — log r 
= log(l-l-0125- 20 )+log 17*5— log 1-25 + 2 

log l-0125- 1 =r-9946050 

2 



19.892100 
-20 



log. 1-0125" 20 = 1*892100 
Corresponding number -78001 = 1*01 25 ~ 20 

1 



•21999=1-1-0125- 9U 



log (1-1*0125- 20 ) = 1-3424029 
log 17-5 =1-2430380 
2- log 1-25 =1*5030900 

log v =2-4885309 .\ v=£307*986 

20 



19-72 
12 



8-64 

Hence the present value is £307 19s. 8£rf. 4 



2-56 



Note. — When the interest is said to be p per cent, per 
annum, payable half-yearly or quarterly, as in the foregoing 
examples, the meaning intended is, that \p or }p is to be 
regarded as the interest for one period. In reality, therefore, 
the interest per cent, per annum is more than/? : it is, in fact, 

io °{( i+ &) , - i }.«i«>{0+&) 4 -4' 

according as the payments are made half-yearly or quarterly. 
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'7.) The formula for v, in the case of a deferred annuity, is 

log v= log (1 — R~ n ) + log a — m log r— log r 

where n is the number of years the annuity is to continue, 
and m the number of years it is deferred. In the present 
example, 

log v= log (1 — l-OS- 20 )^- log 1000—5 log 1-05— log 5 + 2 
= log (1 — 1*05- 20 )-5 log 1-05- log 5 + 5 
= log (l-l-05--°) + 5(l- log 1-05)- log 5 

log l-05-' = l-9788107 .'. 1— log 1'05 = -9788107 

20 5 



19*576214 4-8940535 
-20 



log l-05- 20 = 1-576214 
Corresponding number -37689 

1 



•62311 = l-l-05-*> 



log (I- 1-05 - 20 ) = 1-7945 647 
5(1— log 1*05) =4-8940535 
Arith. comp. log 5= -3010300 



log v=3 9896482 v=£9764 46 

20 



92 
12 



Hence the present value is £9764 9s. 2|rf. 2 ' 4 

Note. — It may be well to remind the learner, that in such 

w 

operations as these, when the results involve thousands of 
pounds, the pence in those results may differ by a penny or 
two from those which may be obtained by working without 
logarithms. It must be remembered, that in the tables the 
decimals of the logarithms after the seventh place are rejected ; 
so that in multiplying a logarithm by a high number, as also 
in combining several together, the seventh decimal of the 
result will in general be affected with error. Moreover, the 
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numbers whose logarithms appear in the tables, do not extend 
beyond five places of figures ; a sixth figure may be found by 
proportion, but a seventh, from the cause stated above, is 
seldom to be depended upon. If by aid of tables carried to 
a greater number of figures and places of decimals, we had 
found v= 97 64*4642. ... , the above result would have been 
increased by one penny : if the third and fourth decimals had 
been 63, the result would have been increased by \\d. 

(8.) The formula for the value v of the lease is 
log v= log (1 — r~") + log a — log r 
log a= log v+ log r— log (I — r-") 

= log 100+ log log (1-1-055- 55 *) 

=log 5-5- log (1-1 •055- M *) 

log V055- 1 =l-9767475 

55£ 

48837375 
48837375 
2441869 



53*9652994 
-55-25 Jgf -55-25=56-75 



log l'055- w *=2-7152994 
Corresponding number -0519158= 1-055- 55 * 

1 



•9480842=1 — 1-055- 55 * 



log (l_l-055- w i) = 1*9768469 
log 5-5= -7403627 



logA= -7635158 .-. a=£5-80117 
=£5 165. 

(9.) The present value of a perpetual annuity of £a per 
annum is v=-: the expression for the perpetuity, in this ex- 
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100 

ample, is v =— . The present value of an annuity to continue 

I R -n 

72 y ears is v= a — - — , which, in the present example, is 

1 _ K -60 

v = 100 . The interest is to he regarded as 5 per 

r 100 
cent., so that the value of the perpetuity is ^8-^^=2000; 

that is, 20 years' purchase. For the value of the limited 
annuity, we proceed as follows : 

log 1-05-^9788107 

60 



58*728642 
-60 



log l'05- w == 2*728642 
Corresponding number -0535355 =1 05- 60 



l-l-05- 60 = -9464645 1Q0 

2000 =T 05 



Value of annuity for 60 years 1892*9290 
Value of perpetuity 2000 



Difference 107 071 =£107 It. 5d., 



the worth of the freehold above that of the leasehold. 

(10.) The formula for v in the case of a deferred or rever- 
sionary annuity is 

» 

log v= log (1 — R-") + log a — m log r— log r 
as log (l-l-05-^)+ log 50-7 log 1-05- log 5 + 2; 
or, since log 50= log 5-f log 10= log 5 + 1 
log v= log (1— I'M- 1 *)— 7 log 1-05 + 3 
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log l-05- l = 1-9788107 log 1 05 = -0211893 

14 7 



39152428 '1483251 
9788107 



13*7033498 
-14 



log l-05~ 14 ^: 1-7033498 
Corresponding number '505068 

1 



•494932=1-1-05-^ 



log (1-1-05-")= 1-6945456 
-7 log 1*05=- -1483251 

3 



log v= 2-5462205 .\ v=£35 1*739 
20 



14*78 
12 



9-36 

Hence the purchase money is £351 14$. 9d. 

(11.) The formula for the amount, Art. XL., is 

m = pr» 600=518*3r 3 
, 600 

.\ r 3 =^3=1-157625 = 1-05 3 

r=1 # 05 ,\ the rate is 5 per cent. 

(12.) The formula for the amount, as in the preceding 
example, is m=pr*. In the present case, m is to be equal to 

log 2 

2p ,\ 2p = pr* r»=2 n=, » 

log R 

which is a general expression for the number of years in which 
any sum will double itself at a given rate of compound interest. 
As, in the example, the given rate is 4 per cent., we have 
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log 2 -30103 
w= lo7T^ = ^7033F4= 17,67299 ^ 

(13.) The amount of any sum p in n years is pr w , and the 

amount of a yearly sum or annuity, a, accumulating for n years 
R n i 

is a *j* ^ . In the present example, the original sum p is 

^€20 ; the yearly investment or annuity, a, is also £20. 
Hence, the whole amount, if a were paid in the nth year as 
well as every preceding year, would be 

pR n + p r • 

R— 1 

But as the sum p would not be paid in the nth year, merely 
to be returned without interest, it is clear that after the first 
investment there are only n — 1 annual payments : hence the 
annual amount is 

R n_l R n_j 1-05 40 — 1 

pr» + p —j- - p = pr r3t - = 20(1 -05) — ^ — S 

that is, Amount=400(l*05)(l-05 40 - 1) 

log 1-05= '0211893 

40 



•8475772 
Corresponding number 7 03999 

1 



6 03999= 1-05 40 — 1 
400 



2415-996 
105 

12079980 
2415996 



£2536-79580 .\ Amt.=£2536 16s. 
20 

15-916 



Digitized by Google 



164 COMPOUND INTEREST 

(14.) The formula for the present value is 

log v= log (1— r~*) + log a— log r 

= log (1-1-05-*)+ log 40- log ^40^-^=800 

ss log (1 -1'05- 5 ) + log 800 

log l-05- l = I- 9788107 

5 



4-8940535 
—5 



log l-05- 5 =T 8940535 
Corresponding number '783526 = 1*05-* 

1 



J216474 =1-1*05- 5 

logl-l-05- 5 =l-3354057 
log 800=2-91 



log v=2-2384957 /. v=£173'18 
20 

3-60 
12 

Hence the present value is £173 3s. Id, 

7-2 



(15.) The formula for the present value of a perpetuity is 

A A 20A ^ 

v=- v= — =^-, where a=£/9 4s. 

Hence, we have only to multiply the pounds by 20, to add in 
the shillings as if they were pounds, to annex a 0 to the result, 
and to divide by 9 ; thus : 

£79 4s. x 20= 1584 ; and £15840-f-9=£1760. 

Note. — The computer will, in general, find his work short- 
ened by putting his algebraic formulae respecting annuities in 
a shape a little different from that in which they are exhibited 
in the Algebra ; thus : 



- 
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For the amount, m=^(r w — 1) (I) 

Present value, v=£(l — r-") (II) 

Perpetuity, v=^ (Ill) 

Deferred annuity, v=- {R- m (l -R-")} . . (IV) 

As shown in' the foregoing solutions, the value of - may be 

readily found without logarithms, and thus two references to 
the tables saved. 

(16.) Let P x> P a , P 3 , . . . . P n , be the amounts at the end 
of the first, second, third, &c, years respectively : then, r 
being the interest of ^1 for a year, we shall have, by the 
question, 

rp 

p x =p + rp+— " 



=p(l+r+£) 
? =P,(l+r+£) 



P» = p 0 -'(l+r+£) 
Multiplying these together, 



PiP a p s p»=pp,Pj Pn- (l+r+£\ 



(17.) By the formula (IV.) above, we hare 
v=J^{l-035-»(] -1-035-")} 
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log 1-035- T- 9850597 log l-035 = -0149403 

11 10 



10-8356567 -1494030 
-11 



log l-035- n = 1*8356567 
Corresponding number -684947 

1 



.315053=1 -1-035" 11 



log (1 — l-035- 11 )=T-4983836 
-10 log l-035- 10 =- -1494030 

T-3489806 ^0 4000 

Corresponding number -223347 ^^ 035"" 7 



7)893-388 

£ 127-627 .-. v=£127 125. 6|rf. 
20 



12-54 
12 

6-48 

(18.) The present value of a freehold estate, producing a 

per annum, is v=^ ; and the present value of an annuity a for 
a 

n years is - (1 —R _n ). If these values are to be equal, we 
must have 

a a a 

-(l_ B -.)= .... a =i— R — • 
In the present case, a=500 

•'• ^ l- l^-™ •"• l0 S 2«=3- log (1-1-045- 30 ) 
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log 1. 045- 1 =7-9808837 

20 



19-617674. 
-20 



log 1-045- 20 = 1-617674 
Corresponding number ■ 4 1 4643 

1 



•585357 = l-l-045- 20 



log (1- 1-045- 20 ) = 1-7674209 

3 



log 2a=3-2325791 .\ 2a=£1708'36 

/. «=£ 854-18 

20 



3-6 
12 



Hence the annuity is £854 3s. 7d. 7*2 
End of the Examples in the Algebra. 



APPENDIX. 
Miscellaneous Examples (Page 181). 

(1.) Let one of the numbers be x; then by the question, 

5x 

8 : 5 : : x : -g-, the other number j 

5* 2 x 2 
also, —=360 .\-=72 

.\ x~=9 x 8 x 8 ,\ x=3x 8=24. 

5 X 24 

Hence the numbers are 24 and — g — =15. 
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(2.) It is plain that J of the work remains to be done when 
a is called off. As b alone finishes this in 36 days, he does 
I in 12 days, and, consequently, the whole in 48 days: he 

thus does ^ in a day.' But when both a and b work together, 

they do ^ in a day : hence, a alone does ~— ina day, 

and therefore he can do the whole in 24 days. 

Or, since b alone is 48 days doing what, with the help of a, 
is done in one-third of the time, it is plain that a works twice 
as fast as b, and can, therefore, do the work in 24 days, or 
half the time. 

• 

(3.) The coefficient of the second term of a quadratic equa- 
tion is the sum of its two roots with their signs changed, and 
the third, or absolute term of the quadratic, is the product of 
the two roots (see p. 60) : hence the required quadratic is 
,r 2 -8,r+15=0. 

(4.) Since 2,r 2 + 8,r + c=0 .-. *2 + 4tr= __£ 

c 

.\ ar- + 4x -f 4=4— g = 0» when the roots are, equal 
.-. 4=| .\ c=8, and (,r + 2) 2 =0 .\ *= — 2. 

(5.) Pat ar-8x + '22=m ,\ ,r 2 -o\r + 16=m- 6 
.*. x—4 = \/(m — 6) .*. x=4 + sj(m — 6). 
Hence, in order that x may be real, m must not be less than 6. 

(6.) (a4-^)(^H-c)(a + c) = 2aic + fl 2 (6 + c)-f i 2 (a + c) + c 2 (a-h6) 

= 2abc + (a 2 + b*)c + (a 2 + (?)b + (6 2 + c>. 
Now (Algebra, p. 101), 

a 2 + 6 2 >2a&, a 2 -f c 2 >2«c, 5 2 + c 2 >2&c 
.\ (a + b)(b + c)(a + c)>2abc + 2abc + 2abc+ 2abc, or >8ck-. 

(7.) 1.2. 3. 4. 5. 6. 7. 8. 9. 10. 11. 12=479001600. 

(8.) By permutation, Art. XXXIII., C\ 

1.2.3 n L ~ 

p = .'< 

1 . 2 . . .p . I . 2 . . . q . 1 . 2. . . . v 
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which, because there are 1 1 letters, of which 4 are t's, 4 are 
s's, and 2 are p's, becomes 

1.2.3 11 5.6.7 11 

P = 1.2.3.4.1.2.3.4.1.2 = 1.2.3.4.1.2 = 

5.7.9.10.11 = 34650. 

(9.) See p. 75 of this Key. 

(10.) Suppose a began at x hours before 12 o'clock, 
then b began at x— \ hours 

It appears by the question, that in these hours half the 
work was done ; so that the work done by b in the 6 hours 
after noon must have been equal to the work done by a in the 
x hours before noon, and the work done by a in the 8f hours 
after noon, must have been equal to the work done by b in the 
in the x — \ hours before noon. Consequently, if a's hourly 
work be represented by a, and b's by b, we have the two 
equations 

ax=6b and 8%a = (x— \)b. 
Dividing the second by the first, 

Sf j a x 105 
x~~ 6 •'' ar ~"2~" 2 

9 x 1 105 1 841 
•'•^-2+16" 2 + 16- 16 
1 29 30 m9 

Hence a began at half-past four in the morning. 

(11.) Suppose that after the 30 days, the voyage ought to 
have lasted x days, and that each man, according to this esti- 
mate of the time, had been provided with a gallon of water 
a day: then there were 17 ox gallons for the x days. The 
number of gallons saved by the deaths was 

3(*+2n 

3(1+2+3+.... [*+2i])=— 2 — Or+22), 

since the voyage was protracted 21 days beyond the estimated 
time : hence, had these gallons been actually added to the 
stock, there would have been sufficient for the whole time, 
even if all the men had lived ; so that, dividing the whole 
number of gallons thus increased by the product of the number 

I 
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of men and number of days, the result must be each man's 
daily allowance ; that is, 1 gallon 

3*+ 21 
b 175*+— — (*+22) 

175(.r + 21) =l 
3(.r + 21) 

,\ 175* + — g -(* + 22) = 175*+ 3675 

,\ 3(* + 21) 2 + 3(* + 2l) = 7350 
.% (* + 21) 2 + (^ + 21) = 2450 

9801 

.-.(* + 21) 2 +(o: + 21) + }=- 1 - 

99 

* + 21+i=Y .\ *=2S. 

Consequently, adding to this the 30 days and the 21 days, 
the sum 79 days is the whole time of passage. 

(12.) (*+y) 7 -(* 7 +y 7 ) = 7*y(* 5 +y 5 )4- 

2 1 x-f O 3 + y 3 ) + 35 ry (x + y ) . 
Dividing this by 7*y(*+y), the quotient is 

J-jfiy + sfitf-xf + y 4 + _jy + y2) + 5* 2 y 2 = 

a? 4 + 2x*y + 3* 2 y 2 + 2xf + y 4 = 

O^+jy+r) 2 . 

Hence the proposed expression is divisible by this square. 

(13.) By Art. XXXVII., 

100.99.98.97 
"° C « = W ^= 1.2.3.4 = 892lm 

(14.) Let s be the sum, and s the sum of the squares; 
then 

S ~ r -l~ S ~ r 2 -l 

a(r2«-l) «(!*»+ 1) 



. 



8 -(r+l)(r»-l)- r+1 " 

a—ar-rar i —ar s + ar u ' i 9 

whenever n is odd. 
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(15.) Let the arithmetic progression be 

a, a + d, a-f-2rf, a + 3rf, a-f 4tf, a + od t &c. ; 
then by the given condition, 

(a + rf) 2 =a 2 + 3fltf /. d?=ad. . . . (A). 
Also the product of the fourth and ninth terms is 
(a + 3d) (a + Sd) = a 2 + 1 1 ad + 24rf 2 ; 
that is, (A), =a 2 +10arf+25rf 2 =(ff + 5d) 2 , 
and « + 5rf is the sixth term of the progression. 

(16.) The formula for the nth term of a geometric pro- 
gression being /rrar"- 1 , we have 

9 = ar 3 , and 15 = ar 6 . Dividing, 

3=r3 '=y 3 I also, a=9-^3= y . 
Hence the progression is that given in the answer. 

(17.) Here ~ is the seventh term of a geometric progres- 
sion, of which 2 is the first term ; therefore, from the formula 

1 « * 1 1 1 
l=ar»~\ we have 2r 6 .\ ^=54=26 •'• r =±§ # 

_ 1111 
Hence the five means are +1, ^ » ±ji g» ±y§" 

(18.) The formula for the sum is 

8 ~{2a+(it— l)<f} 

.-. 24=^{18-(n-l)2} .\ 48 = 18»-2;i 2 + 2» 

... »2_ 10w== _24 .\ » 2 - 10/1 + 25 = 1 
.'. n — o = ±l .-. n — A or 6. 

(19.) As many changes can be rung by five bells out of six 
as by the whole peal ; namely, 

1.2.3.4.5. 6=720 (see Algebra, p. 153). 
(20.) By combinations, 

1 2 
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(21.) From the first equation, IV+ iyssM*. From the 
second, £ 2 y 2 =r 4 — 2ar~x+a 2 ar : hence, by substitution, 

.\ (a 2 + * 2 )x 2 -2ar 2 j=r 2 (6 2 -r 2 ) 

2 2cr 2 / flr 2 V _ & 3 r g (g8 + & 2 -r 2 ) 
• * • - fl -> + fr->* + ^ a 2 + ~ + 

ar 2 br 

Changing « into and # into y, we have similarly 

br 2 ar 

The sign of the second term must be opposite to that in the 
expression for x, in order to justify the second equation. 

x 3 1 

(22.) Dividing by-, put * 2 +g* + J=(*+a)(#+b) ; 

,31. 
that is, j?- + 2^+^=^" + (a + b)o? + ab. 

3 1 

Equating coefficients, a + b=^, ab = 2 4ab = 2 

V{( A + B ) 3 — 4ab}=a — B = ±i .-. a=1, or ^; B=£,orl 

*. 3 1 (*+l) (2g + l) 

a 2 g j(j+1)(2j+1) 
'"' 3 + 2 + 6~ ~~~ 6~ 

(23.) Let or be the number of gallons at a shillings, then 
d— x must be the number at b shillings. The price of the 
former is ax shillings, and that of the latter b(d—x) shillings : 
hence, because the worth of the compound is to be cd shillings, 
we have the equation 

ax + b{d— x) = cd, or ax + bd—bx=cd 

c-b 

,\ (a — b)x=(c— b)d; j?=^-— jrf, gal. of first, 

a— c 

,\ d— x=-^jd t gal. of second. 
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b 

(24.) At the first drawing, - of the whole cask of wine is 

taken away, so that 1 — ^ is what remains : of this quantity, 

b , . , b 

- is taken away at the second drawing, so that 1 — - of it is 

(b\ 2 . b 

1--J . In the 'third drawing, - of this is 

b 

taken away, so that 1— - of it is left; that is, the qrantity 

left is ( 1— - ) : hence, after n drawings, the part of the whole 

/' b\n /a — b\ l 

cask of wine left is ( 1— - I ; that is, it is \ : m other 

words, there is this part of the original a gallons of wine left 

, a — b\ n (a—b) n 
in the cask : but ( I of a is — zf-, which, therefore, ex- 
presses the number of gallons remaining in the vessel. 

(a + x) (b + x) 

(25.) Put- j -=y x*+(a + b)x+ab=yx 

x 2 + (a + b—y)x——ab. 
Solving this quadratic, we hare 

y-(a+b) V{[y-(a + i )] 2 -4a6} 

*= 2 _ ± 2 

Equating the expression under the radical to zero (Appendix, 

y— ( a + b ) 

p. 169), the value of x becomes x=. ^ , and we have 

the condition 

so that the value of x is x=^/ab t the value sought. 

(26.) The general formula for the number of shot in a 
square pile having n shot in the bottom row is 

h(k+1)(2w + 1) 30.31.61 

g = g =5 . 31 . 61 = 9455. 

(27.) The general formula for the number of shot in a 
triangular pile having n shot in the bottom row is 
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fi(» + l)(» + 2) 30.31 . 32 
V g — = g = 5 . 31 . 32=4960. 

(28.) For the proposed value of x, the fraction takes the 

form q : hence, numerator and denominator must be divisible 

by a; — 2 (Appendix, p. 167). Applying this divisor, the frac- 

2x*—x—6 

tion is reduced to gg_j_2g— 8 * ^ uttm S 2 for x, this also takes 

the form ^ j the terms must, therefore, be also divisible by 2: 

dividing, therefore, again, the fraction is further reduced to 
2x + 3 7 

—jj, which, for jt= 2, becomes This, therefore, is the 
value of the proposed fraction, when x=2. 
(29.) By the Binomial Theorem, 

(a n — x") n =«~-a 1 -V + , 

where the powers of x go on increasing ; 

x n x n n 



' ' a—V(a n --x n )'~~ia x - n x n + ""a 1 ""-)- ~ 

no*" 1 , when a?=0. 

(30.) Proceeding as explained in Article I. of the Appendix, 
the transformation is effected as follows : — 

3)1810 



3) 603, remainder=l 


3) 201 


-o 










3)7 ... 
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Hence, in the ternary scale of notation, the number 1810 is 
2111001. 

(3 1 .) The polygon has n vertices, and the vertices of every 
triangle are three of these : hence, there are as many triangles 
as there are combinations of three things out of n: hence, 
Algebra, Art. XXXV., the number of triangles is 

n(ii—l)(a-2) 1)0-2) 
1.2.3 " 6 

■ 

(32.) It is obvious that from each vertex n— 3 lines can be 
drawn to the other vertices, and since there are n vertices, 
w — 3) may be drawn altogether: but every set of n — 3 is 
repeated by lines from the n— -3 vertices in which they termi- 
nate : hence the number of diagonals is ^ « 

(33.) If m be the number of arms, and n the number of 
different positions, then (Algebra, p. 158) the total number of 
signals is 

(1 +»)»_! ... (l + 5) 4 -l = 36 2 -l = 1295 
is the number of signals. 

(34.) Suppose there were , gallons: then, by the ques- 
tion, the profit on each gallon of the first portion sold was 

1 7 

j the cost, and the profit on the second portion 5 the cost. 

3 

Also, the whole profit was r the cost ; 

1/3 \ 7/, \ 3 
.-.4(4^2)4-5(5-2)=,,; 

5 G 3 

that is, gj: — 2=5^ 25,— 120=24, .\ ,= 120, 

the number of gallons. It was unnecessary to state the cost 
price. 

(35.) Multiplying by (, + «)(, + &), we have 
c, + e?= a(, + b) -f b (, + *) 
= (A-f-B),-r-A&-f sa 
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.\ A-fB = C, Ab + Bd= d 

.'. hb + b£== be 



- . d— be 

B(a — b)=d—bc /. b= % 

v y a—b 

d — cic 

interchanging a and b, and a and b, a= 

(36.) Extract the square root of the first memher: 

4a: 4 -12a- 3 - 35a^ + 66x - 8303 (2^—3^ - 1 1 
4ar 4 

4a- 3 -3a-) -12x3 -35a: 2 
-12**+ 9a: 2 



4a: 2 - 6x - 1 1 ) - 44a< 3 -f 66a: - 8303 

— 44a: 2 + 66a: + 121 



— 8424 

Hence the expression, if increased by 8424, would he a com- 
plete square ; namely, (2a- 2 — 3x — 1 1 ) 2 ; the equation is, there- 
fore, the same as 

(2o- 2 -3o— ll) 2 - 8424=0, 
or {(2a- 2 — 3*— 1 1) - v/8424} {(2* 2 — 3a:— 1 1 ) + V8424} =0 

2ar-3a--ll = ± x /8424= + 18v'26 
3 114-18^/26 



. 9 

. . a - — ~ar= 



T~ 2 

3 9 97+144 a/26 

2^+ 16"" 16 

3+^(97 + 144^/26) 
.\ x= - 



(37)* This is an immediate inference from Colson's Theo- 
rem at p. 152 of the Algebra, because (a + b) n is the same as 
(* + «)". 

(38.) By the -binomial theorem, the o+lth term of the 
expansion of (1 + o-) 2n is 

2*(2;»-l)(2n-2)....(n+l) 

1.2.3....* v A ) 
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1 .2.3 + 2*1(2*1—1) 



(1 .2.3. . ..»)* 



1.3.5 (2/2 — 1)2 .4.6 2« 



(1.2.3. ...7i)-' 
1.3.5 (2/i — 1)1 .2.3 n 



(1.2.3 a)* 

1.3.5 ... (2«-l) 



~ 1.2.3...., W....(B). 
Consequently, putting x=l, in (A) and (B), we have 

(»+l)(f»+2) (n + n) = 2»xl .3.5. . .. (2«— 1). 

Again : if .r= 1 , in the expansion of (1 -f.r)», we have 

n(n-l) n (n-\)(n — 2) 

(1 + i)n =1+w+ -L_ j + &c . =2 » 

(i» + l)(»i + 2).. .. (* + ») 
- 1.3.5.... (2ii-1) ••••W 

, A , - . „ (»+l)(«+2)....(*+») 
(A) when n is odd, 



1 .3.5.. ..»(» + 2)(« + 4). . .. (2n-l) 
(«+l)(« + 3)..., (» + ») 



1.3.5...«it 

(A) when n is even, 

(n+l)(» + 2) (»+») 



""1.3.5 (»— l)(»+l)(a + 3) (2»— 1) 

(it + 2)(n + 4). . . . (» + «) 
"" 1.3.5 (« — 1) 

(39.) Let the quotient arising from dividing any number 
n by 9 be q, and let the remainder be r: then n = 9q + r. 
In iike manner, for any other number n, we have n=9q + r. 
The product of the two numbers is NH=8lQ0-h9R0 + 9Qr+Rr, 
every term of which is necessarily divisible by 9, except Rr, 
the product of the remainders. Consequently, if two nume- 
rical factors be each divided by 9, and the remainders r, r, 
noted, and then the product of these remainders be divided by 
9, the remainder arising from this last division must be the 
same as that arising from the division of the product of the two 
factors by 9. 

What is here shown in reference to the divisor 9 equally 

i 5 
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holds for any other divisor; but 9 is the divisor chosen to 
test the accuracy of a multiplication operation in arithmetic, 
because of the property that it will supply the same remainder 
whether the number itself or only the sum of its digits be" 
divided. Thus, if the digits of a number — writing them from 
right to left — be a t b, c, d, &c, then the value of the number is 

C + 10& + 100c+1000rf+ &c; 
that is, a + (9-fl)& + (99+l)c-f (999 + l)d+ &c, 
and the sum of the digits i9a + b + c + d-{- &c. 

And it is plain, that whichever of these we divide by 9, the 
remainder must be the same, and so of 3 and 1 1 . 

(40.) Applying the method of Indeterminate Coefficients, 
assume 

*" + 7»=(*+;) n +A 1 (*+i) n l +A,(#+j)" + ....A, 

Then, developing the several terms by the Binomial Theorem, 
we have 

1 



*" + 0 


x»-i + n !x"- 2 + 0 










1.2 


+A, 


+ 0 


+ A 1 (n-1) 


+ 0 




+ A 2 


+ 0 


+ A a (»-2) 








+ 0 











x»- 4 + 0 

(»-i)M 

+ a 4 ! 2 

+ 0 
+ A 3 (n-3) 
+ 0 

+ A 5 

Equating coefficients of like quantities, there results 
a x =0, a 3 = —n 

n(n-3) 

a 3 =0, 



A 4 = 



1.2 



A 5 =0 



A 6~~~ 1.2.3 ' ' 



»(..4)(^5_)^ + ^ 



i\»-6 



+ &C 



1.2.3 

END OF THE SOLUTIONS. 
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